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PREFACE. 



To a work of this kind v^ry few observations need be 
prefixed by way of Preface ; it may be proper to men- 
tion, however, that it was undertaken to accomplish a 
two-fold purpose. 

The publisher of the Rudimentary Treatises con- 
ceived that a book of Questions and Examples, exhi- 
biting in detail the various artifices and expedients 
which algebraists employ to facilitate their operations, 
more especially in the solution of complicated equa^ 
tions of the* first and second degree, might form a 
useful companion to existing elementary works on 
Algebra, 

The author concurred in this opinion; and as Mr. 
Haddon^s Algebra is distinguished for the great num- 
ber of unsolved exercises which it contains, — many of 
them of an order of difiiculty above the powers of an 
unaided student, — he considered that two desirable 
objects would be attained by the publication of a Key 
and Companion to that work. 

In those places of education where the Algebra is 
used, the Key cannot fail to be very acceptable to the 
teacher ; and, as a copious collection of carefully solved 
examples, it is calculated to furnish, at a very moderate 
price, much necessary aid and instruction to the young 
algebraist, whatever text-book he may apply himself to. 

Mr. Haddon's problems and exercises seem to have 
been selected from a variety of sources ; and it is pro- 
Digitized by VjOOQ IC 



IV PREFACE. 

bable that the solutions to most of them already exist. 
But the author thinks it right to mention that those 
here given are his own^ with perhaps two^ or at most 
three exceptions. He conceives that some of the ex- 
pedients he has adopted, in unravelling the intricacies 
of certain equations of the second degree, have claim 
to novelty, and, indeed, to a character of generality 
that renders them applicable beyond the limits of the 
particular cases to which they are specially applied. 

The work, though small in size, is the result of a 
good deal of thought and labour; both of which might, 
no doubt, have been greatly diminished by searching 
for solutions through the various existing treatises on 
Algebra. But to this kind of mechanical drudgery the 
author felt a decided repugnance; and he was more- 
over anxious, if possible, — ^by resisting all temptation 
to copy from others, — to give to his solutions some 
traits of originality, and so, perchance, to soften the 
asperities of what the learner might regard as some of 
the harsher features of elementary algebra. 



ERRATA. 

Page 4 line l3/or =a reeul =2a 
„ 5 „ 8 „ aSft „ a«6 

,, 19 „ 23 „ 3x „ 9* 

;; 21 " 17 .. («-2j«) .. («-2A)a. 

„ 27 „ 22 „ (*-y)4 „ (*+y)* 

„ 64 „ 17 „ 10 „ 56 

„ 64 „ 24 „ 10 „ 60 

» 67 „ 17 „ fi^ " ** 3 

„ 75 „ 7 „ ,W „ 56 

„ 80 Ex. 81, supply the exponent 4 

,, 84 Ex. 90, supply the exponent | 

„ 92line 11 /or + read — 

„ 95 Ex. 15, „ p-b „ »=& 

„ 103 Ex. S9i supply V before aa-Ab** 

„ 113 line l6/or b read 6* 

„ 120 „ 3 „ 115 „ 105 

„ 138 „ 12 „ n=l „ n-1 
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RUDIMENTARY ALGEBRA. 



Thb first rule in Algebra, called Addition, differs from the 
corresponding rule in Arithmetic chiefly in this : that whereas, 
in the latter science all the quantities concerned are really- 
added together,, in the former science some of them are 
frequently to be subtracted. Those quantities, among the 
entire set that are to be subtracted, are always preceded by 
the subtractive sign minus; that is to say, by the mark — . 

Addition of Algebra, therefore, means the finding the 
balance of a set of quantities, when some of them are additive 
and others subtractive. 

Different letters in Algebra stand, of course, for different 
things, and hence the distinction between like and unUke 
quantities (Algebra, p. 3). But the learner is not to under- 
stand that the unlike quantities, connected together by the 
signs plus and minus, in any of the following examples, stand 
for things altogether different in kind; to admit of being added 
or subtracted, whether in arithmetic or algebra, the things 
represented by the fieures or letters must necessarily be of 
the same kind ; the different letters merely imply difference 
of value, not any difference in the nature of the things them- 
selves ; in general, the thingjs are simply abstract numbers. 

For instance, the expression Sa + 26, in example 1 in the 
book, means 3 times the quantity represented by a (whatever 

B 
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"2, ADDITION. 

it be) increased by twice the quantity of the same kind, but 
of different value, represented by b. We cannot actually add 
the 3a to the 25, till the numerical values of a and h are 
interpreted. Previously to this, the addition can only be 
indicated by connecting the quantities by the ^lua sign, as 
above ; but when the letters are the same, we can execute the 
addition implied in the sign : for we know that 3a + 2a must 
be 5a, whatever a may stand for. 

It is thus that, in the following examples, the like quantities 
can always be actually added or incorporated, or the balance of 
the additive and subtractive like quantities expressed by a 
single term ; while the addition or subtraction of quantities 
which have no like, can be indicated only by the pltis or 
minus sign. 

Addition (Page 5). 

Arranging the quantities to be added, like under like, the 
examples in the book will stand as follows : — 

(Ex.4.) 2a + 26 (5.) 2x-4y 

a-h3d — 3a?-f- y 

6o-H 6 6a?— 5y 

8a4- b — a?4-2y 

16a + 76 4a?- 6y 

(6.) 2^-f- a?y-2y2 (7.) aa^+ b:^-- ex 

-4a?3-f 3;ry- y2 ^aa^Sba^^Acx 

— a?3-6ay + 5y3 —aa^^^bx^—^cx 

4a?2- ay + 3y2 



a^»-3jy+5y2 



2tufi-^2bx^^5cx 



(8.) a + & a^-^-xy f^xz 

a—b xy-^-y^ xz^s? 

2a a?3+2j?y-}-y2 y^—z^ 



Note. — In adding a set of quantities together, it is plain 
that the order in which they are written down for this purpose 
is of no moment, except in so far as convenience may be served. 
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SUBTRACTION. 3 

In some of the preceding examples, the order in which the 
individual terms of an expression succeed one another has heen 
changed, for the convenience of arranging hke quantities in 
the same vertical column. 

It may he mentioned here, that any algehraical quantity 
is called an expression, and the individual parts into which it 
is separated by the signs -f-, — , are called the terms of that 
expression: thus, 2a is an expression of one term, 2a +35 is 
an expression of two terms, 2a?+a?y— 2y2, an expression of 
three terms, &c. 

Subtraction (Page 6). 

In subtraction, we have only to imagine the signs of all 
the quantities to be subtracted to be changed, and then to 
proceed as in addition. The learner must be careful to regard 
all the signs in the row of terms to be subtracted as thus 
changed, and if any term in this row have no like in the row 
above, to bring it down in the remainder with changed sign. 

(4.) Sa-eb-Zc 5fl-6&-3c 

2a-f-35-7(7 ^2a— 35-f-7(? 



RemaiAder 30—95+4(7 3a — 95 + 4c 



Or by actually changing the signs in the lower row of terms, 
and adding, the work will stand as on the right. 

In the first of these forms, the signs of the lower row ot 
terms are conceived to be changed ; in the second, the change 
is actually made. This change of signs converts the subtrac- 
tion into addition. 

(5.) a^-'xy «+5 



Rem. *2-.2^+y2 Rem. 25 



(6.) 5»2+ft-3 (7.) ay2-.7a2y-a~.c 

4»2~3n--2 3ay2_2a2y+a-5 



Rem. n^'^4n—l Rem. — 2ay2— 5a2y-2a + 5— c 

B 2 
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MUI^TTPLICATION. 

(8.) a8— a2A+2fl62-c 
2a2d-a43 

Rem. o^— 3a2^H-3a62— c. 



By adding the remainder to the row of terms immediately 
above it, the result will be the top row, whenever the opera- 
tion is correct. 

Note. — From example 8 in Addition, and example 5 in 
Subtraction, we see that if the difference of two quantities be 
added to the sum, the result will be twice the greater of those 
quantities ; and that if the difference be subtracted instead of 
added, the result will be twice the less: for those examples 
show that 

(fl+i) + («-ft)=fl, and that (a+J)— (a— *)3=2fi, 

whatever numbers, or quantities of the same kind, a and h 
may stand for. Suppose, for instance, that a stood for 13, 
and 5 for 5 : then the sum would be 18, and the difference 8 ; 
and 18 + 8=26 — that is, twice 13, the greater; also 13—8 
= 10 — that is, twice 5, the less. The learner will find it 
useful to keep this general principle in remembrance, 

Multiplication (Page 9). 

(3). 6ax4=24a; 3ax5A=15a5; d?4x^=a?4+2=j?«. 

(4.) (2ar— 4y + 2:)x3a?=6j?2-12j7y + 3d?2r; 
(a8 + 2a^— 63) xa8^=er*^H-2a4^-a86^ 

Note. — When, as in this last example, one of the factors 
is a compound expression — that is, an expression made up 
of two or more simple terms — it is necessary to inclose the 
terms of the compound factor in a vinculum^ or to bind them 
together in one whole, as above, in order to indicate that that 
whole is to be multiplied. If we had written the first of the 
examples marked (4) thus: 2a?— 4y-|-zx3j?, without any tie 
connecting the terms 2a?— 4y+r into one whole, we should 
have indicated that the z only is to be multiphed by 3ar, and 
not the other terms 2a?— 4y,' but by means of the vinculum, 
( )* 0^ [ ]' ^' { }» ^^'J ^® i™ply ^^^ ^ t^e terms are 
to be equally multiplied by 3x. 
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MULTIPLICATION. 

(6.) JT*— d?^y4-jry**-y* 

«+y 






-y* 



a— A-hc 



Consequently* («*— a?^y+J?y*— y^} (^+y)=^— y^ and 
(a^4-*Hc*+«A— «c+&c) (a— i+c) =a»-^+c»-f 3fl5c. 
(6.) 5;f8+4^ + 3«+2 



-2ap^-16jr4-12d^-&c2 
25j?« - *^— 24^-8^. 



(7.) a+& «— 6 fl + ft 

d^-^-ah a^^ab a^-^ab 



a^-h2ab+l^ a2_2a5+53 ^2 _^2 



Note. — ^As recommended in the book, the products in 
example 7 should be kept in the memory. The learner should 
be able to write down the results of such expressions as (x+y).\ 
{x—yYy (a?+y) (a?— y) at once, without any work: thus, 
from die preceding model» 
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6 DITI8ION. 

=^-y«, 

where x and y merely take the places of a and b abo^e. 

Division (Page 11). 
(9.) 4x + 2a) 8a?3 -f. 1 6fld? + 6a^ (2j? + 3a 



12aj?-|-6«» 
12aj:+6a3 

«2+2^+y»)d?*+^+«y«+y^(«^-«y+y2 



j?2y8+2ajy«+y* 

Note. — Whenever dividend and divisor have a factor in 
common, we may always suppress the common factor before 
commencing the operation ; because the quotient must be the 
same, whether we divide one quantity by another, or half, a 
third, a fourth, &c., of the former, by half, a third, a fourth, 
&c., of the latter. In the first of the above examples, 2 is 
a factor common to all the terms of dividend and divisor, so 
that this factor may be suppressed, and thus the half only 
of each taken as follows :— 

(9.) 2j?-ha)4j^+8aj?-h3a2(2j7-h3a 
4a^+2euc 



6aA-h3a2 
6aj?+3a2 

(10.) 4j;2y \ 3jy-l)8ar4y + 2x8y-2;r2-3r^+*(2*»-ar 

— 4a?8y— 3i?3y+ar 
. ^4a^y — Sa^y-\'X 
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DIYISION. 



(110 «-.y)jr4-y4(j?8+«2y4.^^y8 

'^-y4 



fy*— y*» 



Note. — ^This last operation may be conducted differently 
by aid of the theorem 3 at page 9 (Algebra); and the import- 
ance of which has been mentioned above. For by that 
theorem, ^-y*=(j?»+y*)(^-y^)=(x2+y2)(ar-}-y)(j?-y) 

^d^^^^^ fy^^"y^ = (;g3+y8)(;r-hy)=^-h^^y4-^Hy^ 
J?— y 

(11.) 6;P-7) iar»-33j?3+44j?-35 (3^-.ar+5 
18*3-21^ 



-12;rH44^ 
*-12a?3-f 14a? 



30;r-35 
30j?— 35 



1+x) l-a?(l-2*+2^-2a^-}-&c. 
1+^ 

— 2jr 
-2j?-2^ 



2^ 

2^ + 2j^ 

-2j« 

— 2^-2a^ 



2*^, &c. 
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8 DIVISION. 

Note.— It ib plain, that in the second of these examples 
the quotient would never tenninate; and we clearly see, 
without carrying on the division any further, that the terms 
of the Quotient would follow one another, to any extent, accord* 
ing to tnis law ; namely, 

^^=l-2*+2«2-2«8 + 2*<-2«»+2««-2jr7+. &c. 

As in arithmetic, so in idgehra; at whatever remainder we 
stop the operation of division, that remainder, with the divisor 
written underneath, must he appended to the quotient in order 
to render that quotient complete. In the ahove example, the 
complete quotient may he written in aby of the following 
forms: namely, 

T+-s='-T+i' °'=l-2'+T+i' or=l-2*+2x»- 

jqp^. &c., &c, 

(12.) The first three examples here are very easily worked 
hy aid of the theorems at page 9 (Algehra) already referred 
to. The numerator of the first fraction is the square of the 
denominator (Theorem 1) ; in other words, the dividend is 
the square of the divisor. It is the same with the second 
fraction ; and (hy theorem 3} the numerator of the third 
fraction is (2a^+l) (2a^— 1). Hence, the three expressions 
are, 

(a»+6«)(a«+y) (jrS-y«)(jrS-y 8) (2fl^-f l)(2fl^-l) 

oS + ftS • ;p8_yS • 20^+1 * 

consequently, the results are «'+ft^, of*— y^, and 2a*— 1. 

To find Uie result in the fourth example, we have only to 
suhtract the exponent m— 2 from the several exponents of a 
in the numerator or dividend, and to suhtract the exponent n 
from the several exponents of 6, leaving the dividend in other 
respects untouched : the result is, therefore. 

In the first term of this, the exponent 2 is put over a, and the 
exponent n+2 over 5, because m— (m— 2)=2, and 2ii+2 
-11=11+2; in the second term, the exponent 3 is put over 
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MI8CSLLANEOt7S XlCAMPI.Et. 9 

a, and the exponent n+1 over i, because m+l-*(M-^2)£:3, 
and 2it+l— M=M+1; and lastly, in the third term, the 
exponent 4 is put over a, and the exponent n over b, because 
111+2— (m— 2)3=4, and 2n— nssn. The learner must always 
keep in mind, that when a quantity with an exponent over 
it is to be multiplied by the same quantity with an expon^it 
over it, the product is expressed by simply- writing down that 
quantity with the sum of the exponents over it ; and that when 
a quantity with an exponent over it is to be divided b^ the 
same Quantity -with an exponent over it, the quotient is ex- 
pressea by simply writing down the quantity with the diference 
of the exponents over it — this difference arising from sub- 
tracting the exponent in the divisor from that in the dividend, 
as in the example above. 

Mieeellaneoua Examplea (Page .12), 

(1.) Putting. the proposed numbers, instead of the letters 
which stand for them, we have 

48+12- 18=16 + ra-18=»10. 

.« . 8+18 6 26 ' 6 ^ 
^'•^ -IF- 3=^13-3=^- 

4(6-8) 6 
(3.) .-1_J+— 3=4 + 6=^10. 

(2.) 5a2ft-.2a53_3a2fti (3.) 5;pH_ ^^ 2^+1 

-Id^b^bah +2a2A^ 2^—3^+ 8x-5 



^Sa^— 01^-0^1^ + 5ab 



3^ + 2x8-10^+6 



<4.) 4a8^- 7o»« -3fl 
2flr»- a^ 

■ ; I I I mill I I i« ■ >-* 

8a4^-14fl8^-6o3af8 

-4a»j^ + 7a4jr +ScP 



8a*^^ 14a»a?4— 6aV—4a«^ + 7a^x + 30^ 



b5 

y Google 



10 lilBCELLANBOtrS EXAMPLES. 

a- h 



a?2y3^^^y4 

— a?3y-fy3 

a?y3^yS 

(6.) ov^x- 5^/* 
Za^x-\'AbVx 



2a^a!-\-UVx 



* The learner will notice from this result, that the sum of two cubes 
is divisible by the sum of the quantities cubed ; the form of the quotient, 
too — namely, the sum of the squares of those quantities^ minua their pro- 
duct — should be kept in remembrance. 

If in the above example y be made negative, then we shall have 

ss^ + jjy + y*, which should also be recollected. These two 

theorems, like those at p. 9 of the Algebra, will frequently be referred to 
in the article on Inactions. 
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dtllPLE isaUATtONS. 1 1 

(6.) (3a— j?)«or3aa?- a?^ 



(2a— 3ar) a? 2aar— 3a?*=(2fl— 3a?) «. 

(7.) The theorems at page 9 (Algebra) readily enable us to 
effect the separation here required : thns^ , 

a^^x^=:(a+x)(a-'x) ; fl2+2aa:+a^=(a+a:) a+x); 
d?4-.l=(a?3+l) (^-l)=(*2+l)(*+l)(x-l); 4a4-9ft^= 
(2aH3ft)(2a8-36); 

d?2-46a?+468=(*-26)(if— 2«);a2«-5*»=(a«+ft-)(a'»-&«). 
(8.) ap-*)aa:8-(a2+ft)d?24-^2(^_aa?-A; 



— aV+aftjp 



-a6;r+52 
-aft;r+A» 

nuD—n 

'^pna^—qnx-^nt 
pnufi + ( jwi— |m)«*— (mr + jii)j? + nr. 

(9.) aaa; m(ii-l; a(63-l)=a(5+l) (ft-1) ; 
(ftc-i3-ft)j?8=5(c-A-l)^ar; -.(03 + 6+ 1)^. 

(10.) m2«+wn2; ^^t€y^', I^-f^; -rx-^avs; 

Simple EatrATioNs (Page 13). 

(1.) ar+8=18-4j. 
Transposing the ^4x to the klt^ and the -{-3 to the right, 
we have 

dr+4dr=18-3j' 
that is, 5«sld 

•*• dividing by 5, dr=:3« 
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.12 .SIMPLE SQUATION0k 



Transposmg the — 4^; to the left, and the + 3a to the right, 
we have 



(2.) *+3fl=sl8a— 4j?- 
a; to the left, and tl 

j?+4df=rl8a— Sa; 
that is, 5j?=15a 

.*. dmding by 5^ x=a8ar. 

(3.) 4ar-2a=3ar+25. 

Transposing the Sx to the l^ft, and the —2a to the right, 
we have 

4x— ddrss2a + 2^; 
that is, dp=3 2(a+5. 

(4.) 7 + 6a?-4=12-h3*. 

Transposing the +3^ to the left, and the known numbers to 
the right, we have 

6a?-3*= 12+4-7; 
that is, 3dr=r9 

.'. dividing by 3, »=:3. 

(5.) 4(*-2)=10*-3a, 

Bemoving the vinculum, 

4j?-8=iar-38. 

Transposmg the 4a? to the right, and the —38 to the lef%^ 
we have 

38— 8=10j?— 4j?j 
that is, 30= 6j? 

.•, dividing by 6, 5=«» 

Note. — It is usual to bring the unknown terms ta the left, 
and the known to the right ; but when such an arrangement 
would render the unknown side mtitttf, as here, it is^ better to 
depart from it. 

(6.) ax-^-c^a—bx. 

Transposing, Od? + &r = a — c, 

or (a+^)j?=sa— c 

.'. dividing by a +6 ' 

a— C :r 
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PROBLEMS.' 1^ 

Multiplying by 12, y— 96=— 72, 
TranBp08ing, ys96— 723=24. 

(8.) 3a2r-l:±:3fl(«+5). 

Removing the vincolam, 5az — 1 == Zaz + 3a6. 

Transposingf 5£ur^da^=8ai+ 1 ; that is, 2ajir=s3a&r{- 1 

3a6+l 
/. dividing by 2a, jf= — s^j — . 

Problenu, 

(3.) Suppose A has x pounds; then, by the question b 
must have 2x pounds, and c, d?+2a; or 3x pounds ; and these 
three shares make up the whole j6600 : hence we have the 
following equation — namely, 

«+2j?-|-3j?=600; 

that is, 6j?=600 .*.x=i£lO0, k's share, 

/. 2xx=j6200, b's share, and Zx=^£ZOO, c's share. 

(4.) Let X represent the less of the two numbers, then the 
greater must be x+7 i and the question, moreover, informs 
us that 

3(d?-|-7)— 8j?=6. 

Removing the vincohim, Sj^H*- 2 1 ^ 8^?= 6. 

Transposing, 21-*6=8a?— 3;p 

.'. 1&=5j?/.8=e*: 

Hence the two numbers are 3 and 10. 

(5.) Let X represent the son's share ; then 5x must repre^ 
sent the father's share ; so that by the question we must have 

5j?+^sb:96; that is, 6x3c96.'.d7sl6.'.5x=:80 
Hence the son's share was 16«., and the father's SOs, or £4. 

(6.) Suppose the investment was x pounds : then, after the 
gain and loss, a has d?+^300, and b, x-^£450i and the 

Question tells us that the former sum is six times the latter ; 
iierefore, 

X +300= ftp-* 2700. Transposing, 2700+300=5^? 
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14 FRACTIONB. 

that is, 3000= 5d^; 

therefore, dividing by 5, 600=^ », so that the investment 
was ^600. 

(7.) Let w feet be the length of the less part ; then by the 
question bx is the length of the greater part; and since the 
sum of the parts is a, we have the equation^ 

a 
X'-^bxssai thatis, (l+6)4r=a/.*ssj-T^, 

ab a ab 

.'. &pz=r— -r : consequently, the parts are T^^ ^^^ *"*^ r+A 

feet. 

If the whole length a be 20, and the greater part be 4 times 
the lessj then since a=3s20 and 5=4, we have 

a 20 ^ ab 80 ^f. 

y-^=^«=4,andYq:^=-5=16. 



Fractions (Page 16). 

(2.) gX24=ar; for this is the same as ^X3x 8= jrx 8. 

3^ 3j7 

-^X24=iap; .-jX4x6=c3j?x6. 

5jr hx 

— -g-x24=:— 2ar; — g-x6x4=— 5j7X4. 

Zx Zx 

-g-x24 =9jf; .-g-x8x3=3a?x3. 

7a? 7a? 

— Y2X24= — 14j?; — TgX 12x2=— 7j?x2. 



Sum of re8ults= x. 

(3.) The denominators are all factors of the multiplier 20^ 
hence we have only to expunge each denominator, and to 
multiply the numerator by the remaining factor of 20, after 
having expunged that factor which is equal to the denomi-* 
nator : we thus get 

3qy-*8y— 5y + 14y-f^25y=^. 
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GREATEST COM. MEASURE— LEAST COM. MULTIPLE. l5 
/4 7 8 9 3\ 

(^•)U'"2i^8i-4i+2>^=32-.28+3-18-hl2x= 
12a?-ll. 

=x» + 30r» + 50ar-.20. 

Greatest Common Measure and Least Common 
MULTIPLE (Page 21). 

(1.) «2-|-*-2)j?2+2ar-3(l 
r»+ ;r-2 



G.c.M.=j?-l)jr2+4.— 2(*+2 

2i?-.2 
2*— 2 
or thus J j?2^j,_2=(j?2-.l)H-(j?-i) 
= (;r-l)(j?+l)+j?-l 
*2 + 2;r-3=(^-l) + 2(^-1) 

= (J?-1)(J?+1) + 2(J?-1) 

.•. O. C. M.=J7 — 1. 

(2.) 6a2 + 7<Mf-3;r2) 6a2+ 11c;p+3j^(1 



4aj?4-6a?2; 
or o.c.M.aB2«+ar)6a2+7flw?— 3«2(3a— jr 



-2c;p-3^ 
— 200?— 3^2^ 

(3.) lu order to remore common factors^ we shall tirst 
divide each of the giren expressions hj 5, rememhering, how- 
ever, that the b thus removed, being a common measure 6f 
both, must necessarily enter into the greatest common mea- 
sure. The two expressions will then be 8a^6— 10a6^ + 2fi^ 
and 9a*-9a*6+3a*6*— 3a6«. We shall next divide each term 
of the first of ^ese expressions by 26, and each term of r^ 

r' 
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16 • 6ttEATK8T COIIMON MBASURB AND 

second hj 3a ; for in so doing, vte shall not interfere with any 
common measure the two expressions may have, seeing that 
neither 3 nor a is a factor of the first expression, nor 2 nor b 
of the second : we shall then have to deal with 4a^—5ab+b'^, 
and Scfi—Sa^b'j-ab'^'—i^. Lastly, we shall reverse the two 
expressions to avoid fractions in the quotient ; the work will 
then stand as follows : — 

-^+5aA8-4fl3i 



-.4aA2-|-20a26-16a» 

-19fl26-|-l9a»5 
or -5+a)62-5flA+4o2(-ft+4(i 
62- ab 



— 4a6+4fl2 
— 4fl6+4o». 

The greatest common measure here is -^i+a; but as the 
common factor, b, was suppressed at the outset, we have for 
the greatest common measure of the proposed expression, 
G. c»M.= — d*+aJ, or a6— 6^ 

(4.) «s-2a?-l)a?»+2jf2+ap-|-l(l 
««-2*-l 



2«3+4jr+2; 
or ^+2« + l)j«-2jr-l(j?-2 



-2^-3;p-l 
-.2;r2-4i?-2 

o.c.M.= ar+l)d?3H-24?+l(*+l. (Theorem 1, 
p. 9, Algebra.) 

(3.) To avoid fractions, multiply the first expression by 3, 
iand the second by 2 ; the work will then stand as follows :-^ 

&pa-3jpy-18y2)6*2— 16^+ V(l 
esSi^ %-18y» 

-13ay + 26y2; 
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LftAST COMMON MltLTlPLS« 17 

or o. c. M.=*— 2y)2jf8— Jty— 6y2(2«-|-3y 

ary-6y« 
34y-6y2 

(6.) Instead of proceeding b^ actual division, we may find 
the common measure more readily as follows : — 

2;p8«2*-3r»+3=2ar(;r2-.l)-3(^-l)=(2jr-3)(j?«-l) 

ar*-3 + 2««-2*-2;r8+2=3(^-l) + 2«(jr2-l)-2(a:2-l). 

The expressions on the right are the same virtually as those 
in the book ; and it is plain that the 6. e. m. of these is «^-> 1. 

.. . jg-h2(Kr+a^ (jr-hfl)(jf-fg) jF-fa 
^ '^ ^^a^ "(*+ft)(j-a)""ar-a' 

a^— 2a!y-hy^ {x'-y)(X'-y) x^y 
aj8_y« — (a?4-y)(ar— y) af-|-y* 

(8.) See foot-note, p. 10. 

(fl+*)^" (fl+*)(a+*) "" «+& • 

g2-^2'"(g+6)(g^6)"" g^J • 
a?«+g-2 a?g-^l+ar^l (jT-H)(a?-l)-fa?-l 

(^•) 2*8— ai?4-l"^2a?2^2-^3a?4-3"'2(«r+l)(iP-l)-3(iP-l) 

a?-H-hl ar+2 
~2(ar+l)-3"~2a?-l 

aj8«+a!3«^2 a?»*-l+af»"-l* 



(ip"'-l)(a?"»-|-l) +«?»»- 1 

a?"»+H-l — a?'»+2 ' 

or, by finding the common measure of numerator and deno« 
minator in the ordinary way, we have 

* See the foot-note at page 10. 
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18 GREATfeST COMMON MSASTJRX AND 



2a?"»— 2; 
or G. CM. =«»«»— l)«8»»+a?"»—2(ar«+2 



2«'»— 2 
2a?»»-2 



2a?2«-2 
23^**— 2a?~ 

2ar'»-2 
2a?«»-2 

The common measure being thus found, the proposed fraction 
becomes reduced to the simpler form arrived at above. 

(10.) The numerator of the first of these fractions may be 
written thus : 
a?(a?2— y2j_y(^_y2)^ or (a?— y)(a?2— y^j . hence the fraction is 

(a^-y)(a?2~y g) x-y 
(pP' +y2) (a?2 -y2) "a?2 4.y2- 

The factor x^ common to all the terms of the denominator of 
the second fraction, but not common to those of the nume- 
rator, may be suppressed, since no common measure of the two 
expressions will be interfered with by so doing: we shall 
therefore have to find the greatest common measure of 

3««-.22ar-15 and 5«3— 17a?Hl8. 

If we proceed by the ordinary method (as at p. 21, Algebra), 
the work will become tedious: we may dispense with it as 
follows : — 

The leading term of the common divisor of these expres- 
sions, if they have a common divisor, cannot have a coefficient 
other than unity, because 3 and 5 have no common divisor. * 

The leading tojrm of such divisor must, therefore^ be simply 
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LBAST COMMON MULTIPLE. 19 

X ; U cannot be o^, because^ on account of the simple power 
of X (or the term 222?) entering the first expressioni that 
expression cannot be divided bj any other in which the x^ 
simply, is absent, as is obvious. 

The final term of the divisor must^ of course, divide both 
15 and 18, and therefore can be no other than 3 : hence, if 
the expressions have a common divisor, that divisor must be 
either x — 3 or «+3. Upon trial, the former is found to 
succeed, and thfe latter to fail: hence the greatest common 
measure is «*-3 : thus 

a.-.3)3a^-.22a?-15(3a?3+9ar+5 



9a?»-22» 
9a?»— 27a? 



3a?-. 15 
5af~15 

-3)5a?*- 17a!S + l&PC5«8-2aj2-6« 
5«*-15«8 



-2a!»+18a? 
-2ar»+ 6a?2 

- ai?3 + 18ar 

- 6ar3-hia» 

3a?2+2a?-|-5 
Consequently, the fraction in its lowest terms is , tt__Q o__g^ 

Note. — ^The operation for the common measure, which is 
sometimes long and troublesome, may frequently be dispensed 
with by the help of considerations such as those here pointed 
out: for instance, in example 1 (p. 21, Algebra), it is plain 
that the leading term of the divisor common to both expres- 
sions must be a?; and since 2 and 3 have no common divisor 
besides unit, it follows that the greatest common measure, if 
8u<^ exist, must be either x-^X or a? + 1 . For similar reasons, 
the 6. c. M. in example 4 must be either x—\ or a;+ 1, and 
the same ip the first example of 9. 
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20 ADDITION or P&ACnOlfS* 

Addition of Fractums (Page 26). 

(1.) The least common multiple of the denominators ia 
evidently 12 ; so that multiplying the tenns of the first frac-^ 
tion hy 6, those of the second by 4, and those of the third 
by 3y the fractions become changed into 

12"*" 12"*" 12"" 12"*"^ 12* 

(2.) The L. c. M. of the denominators is 20, so that the 
terms of the first two fractions are to be multiplied by 2« 
5 and those of the third to remain untouched : we thus have 

4^ 15c 7^ 2&g lar 
10*^ 10"*'10'^ 10"" 5 

a+x'^a-^x'^ («-fa?)(a— a?) "" fl^— «* 

3o« 2a Sb Sa^ x 85a + 2g x Hflft -h 3& X 10ft 
^^•^ ■2ft"*"T + 7^- TOab 

105fl» + 28a8ft + 306^ 
70ab ' 

X X a?(a?— 8)-|-g(jg-h8) ^a^ 

5T3"*"«^^ (ar+3)(a?-8) ^x^-d 

(4 ^ £±i q-ft (a-hft)H(g-ft)V 2(a«-fy) 
^ ^^ fl-6"^a+6^ ?-*» "" fl«-i3 ' 

2x 1 2x l-x 1-hjy 1_ 

n]?+l4-^-l-«»"^l-^""l-*2"l-x- 

rs ^ g^+«^+^^ J! (a-b)(a^+ab + b ^)+b^(ai-b) 

^ '^ a + b "*"a-6"" fl2-62 

fl^ H- o^ft + gftg-flgft -^ 68(g + ft) + y (q + ft) g(fl^ + g^) 

Or, remembering that (a'+ aft + &*)(«— ft) =a8—ft» (see foot- 
note, p. 10), we have ^iZ^s = g2_y > 
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SUBTRACTION OF FRACTIONS. 21 

,gv X . y 1 jr-|-y(jf-y)-l-x+y 

^^•^ ;?=p+^+^= ?=y = 

^-y2 
a 1 . a a 1+a s a + 1— a 

+T3r:+7^=T-::+rr::=T--+i=- 



l-a^l+a^l4-a""l-fl^l4-a"l-o^'" 1-a 

1 
1-fl' 



Subtraction of Fractions (Page 27j. 
5a fl 15a— 2a 13 3(j+y) jy— y 
2 "3"" 6 ""e"' 4 " 8 " 



6(^+y)-J?-l-y 5jp-f7y 
8 "• 8 * 

/^x 5y+2 2y-H 3(5y-h2)-7(2y + l) y-1 

^^ 7 "* 3 " 21 "^ 21 ' 

5ir-8 ar+2 * (j-1)(5j?-3)-(j ?- H)(3x+2) 

5j«-aF-f3-^3^-5;p -2 20^-134?+! 
f3 ^ ?±^ a-26 (a + 25)»-(a— 26)« 8g^ 

Note. — It is well for the learner to remember, that the 
SGuare of the sum diminished by the square of the difference 
or two quantities, is always equsJ to four times the product of 
those Quantities. Thus (a?+y)^— (ar— y)'=4a?y, (a+2ft)*— 
(a— 25^)s=8a5, &c. The results in such cases should always, 
therefore, be written down at once, without any actual work. 

,4 V J_ _j y+g-l 2j«-24p-H _» 



y^g y2— ;f3 y* + r* * jfl-^X JT— 1 

2j?g-'2j+l-J* jg-2x-H (j-1)^ g-1 1 

a^—x "■ «(d?— 1) ■"4?(dr— 1)~ X """"«'. 
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22 MVLTIPLICATIOK OF FRACTIOKS. 

«»-j?-M 2 (jy+l)(g'-J'H)-2(jr-l) 



(5.) 



*r— 1 x-^-l J?*— 1 



fl flg _i fl(l■~Q)~.fl2+(l~ g)^ _ 

(l-.fl)8"(l_a)3+i_a- (l-«)* ■" 

(l-fl)8 "" (1-fl)^' 

J^+y^+ar^—Jgy — ^^y^ 20?^— 2j?y 2j?(j?— y) 2d? 

jr3_y2 — a^^y^ ^(ar+y)(j?-f-y)""j?+y' 

Also, _l-_-J_= L_.__L_ 

(j7-y)2 jri-y3 (dr-y)(j?-y) (j?-y)(d?-f-y) 

j?+y ~(jy— y) 2y 

-(ar+y)(d:-y)3-(d?H-y)(^-y)2' 

r3m+2n 8m~2» \ , / (3»i4-2«)«-(3m--2n)g l 

^"•^*l3m— 2«""3m+2«/ ""^l 9m2-4ii8 J 

= * 9^^= J^- <^^ ^°^ ^^°"'>- 

^** jv^* 1 1 
(Q\ -_ _ -J . This maybe written 

, the first and third, as also the second and 

fourth fractions, being nnited in one. The numerator of the 
first of these is the difference of the cubes of as^ and 1 : hence 
(foot-note, p. ) it is actually divisible by the denominator, 
the quotient being a^-|-a?*+l. Also, the numerator of the 
second fraction, being the difference of the squares of a?* and 1, 
b divisible by the denominator : the quotient is a?*— 1. Hence 
the sum of the fractions is r^*H- j?»+ 1 — (a:*— l)=j?2»4-2. 

MulHplieation of Fractions (Page 28). 

3a a 3a^ 2x xy^ ^x xy^ ^x^"^ 
(3.) ~5"><4=20 ' T^"6""~3^~3'""~9'' 
Note. — Factors which enter alike into numerators and 
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MULTIPLICATION OF FRACTIONS. 23 

denominators may be suppressed, as in common arithmetic, 
as it is useless to multiply and divide by the same thing: 
the operations mutually destroy one another, and therefore 

2a? 
should both be omitted. The example here worked is -o" x 

.j-To ; and the factor 2, being common to a numerator and a 

denominator — that is, occurring both as a multiplier and 
divisor — is wholly expunged or neglected, and the example 

treated ais simply ^ x -^, The learner should always take 

advantage of these means of simplification, so as to avoid all 
unnecessary work. The next example may be simpUfied in 
like manner. 

^^•^ x-y^ 2x4 - 4 "• 4 • 
(^-H)(a^^l) 3X2« 
3 ''l^^'^^'^-^^* 

(g+&)(g-&) 1 _a 3(52r- 10) Zs^ 9z 

^^•^ a ^fl-fd^a-6""^' 2z ^6^-10"" 2' 

Note. — In the first of these examples, die two factors 
(a-hb)(a—b) in the numerator are rendered of no effect by 
the equal factors in the following denominators; in tike 
manner, the denominator a is neutralised by the last nume- 
rator. It will, of course, be observed, that when any factor 
is thus expunged, it is not replaced by 0, but by 1 . In the 
present case, titer suppressing the common factors, each re- 
maining factor is merely 1, and the product of the fractions is 

therefore t, or 1. 

. V (^-1)^ (a?+l)y3 ^-1 ^-hl ^-1 
(4.) o — X r = x—T— = • 

^ ^ y^ x—l y I y 

( m + — -1 )( »*H hi ). This is the sum of two 

quantities — namely,( m+ — ) and 1, multiplied by their dif- 
ference : we know, therefore, that the product is the difference 
of the squares of those quantities (Algebra, p. 9) : hence the 
product is 
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24 DITI8IOK OF PRACnOMS. 

(5.) ( * ""TAv "^i/* '^^ ^ evidently the same as 

-^• 
4j«-1 Safl+y (ar» + l)(2g»-l) 8^+y_2^+l 
9««-y2' 2jr»— I~(ar»+y)(3«»-y)' ac»-l~3*»-y 

c-fj! a*— (a^— jr*) c+J? 



j?^ (a+d?)(a— J?) J?^ (a— *)*2 a— a?' 
JHvmon of Fractions (Page 29). 

^^•^ » ^lO"" n ^5x2"" 2 ' 2(jf-l)^ 2* ""4 

2(2a + l) 5a lOa (j^-hy)(j+ y) (j~y)(^~ y) 
^^•^ 3 ^ga+l" 3 ' ;p-y ^ *+y 

— 2 —r—y . 

X s^ X s^—' 2 J! 

(3.) J? 4- 7= 7, and a?—- — 7=— — ti hence the ex- 

J?^ d?— 1 0? 1 d? 

( ^"■5)"*"( ^+~)' "^^^ ^^ *^® difference of the squares 
of two quantities divided by the sum of the quantities them- 
selves; the quotient is, therefore, the difference of those 

quantities — namely* ^— ^ (Algebra, p. 9). 

jrJ— 3a?2a+8^a3_^ 
(4.) By actual division, "x^ =*^— 2«o-|-a2 : 
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PROBLEMS. 



(5.) "^Jq::^ X — iZ:]^ — • Now, it has already 

been seen (p. 10), that a^— ad-h^) (fl+A)=o* + ^: hence, 
suppressing the factor (a^—ab+b^), entering the first deno- 
minator and the second numerator, as also the factor x— y, in 
the first numerator and second denominator, we have for the 
product, 

a + b ^^~ a+b 

(6.) The first expression here is the same as ( ar H — F 
(Algebra, p. 9). Hence the example is 

\ xj a?-f-- \^ x) ^ X X ' 



Problems (Page 37). 

(1.) Suppose the present age of the son to be x years, then 
10 years ago his age was a?— 10; and, consequently, the 
father's age then was ten times as much — namely, 10a?— 100. 
At present, the father's age, being four times the son's, is 
4ar; so that 10 years ago his age was 4ar— 10; but, as just 
seen, his age then was 1 Oar— 100: hence, we must have the 
equation 

10ar-100=4ar-10. 
Transposing, 6a?=90 .*. a?=15, the son's present age ; 
.'. 4a;=60, the father's present age. 

(2.) Let X represent the number ; then by the question, 

3a?- 8 

— - — =a:— 2 .'. 3ar— 8=2a:— 4. Transposing, ar=4. 

X 

(3.) Let - represent the fraction : then by the question 

g+1 1 _^ 1 

y "3'^° y— 1"4* 
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Clearing the fractions, these become 

3a? + 3=y and 4a?=y— 1 .•.4a?+l=y. 
Putting this value of y for that symbol in the first of these 
equations, 3a?-f- 3=4a7+ 1. Transposing, 2=a?.\y=4ar+ 1=9. 

Hence the fraction is r. 

(4.) Suppose a's share to be x pounds ; then b's must be 

^ 1,5/ 4 \ 5 9 , . 3 

•zxy and c s g< a? + - *p I, or ^ of r-a?, that is, -^x. Hence the 

sum of the shares is 

4 3 
07+^07+2^=132. Multiplying by 10, 10a?+8^+15a?= 

1320; 

4 3 

that is, 33o7=1320.\a7=40.-. jo?=32, and 2ir=60. 

Hence, a's share is ^40, b's ^32, and c's ^60. 

Otherwise, — Suppose a's share to be 5a7 pounds ; then b's 

,5 5 15 

must be 4a7, and c s ^(5o: + 4o7)=^ . 9x:=-^x. 

15 
.-. 5a?+4ar + Y07=132. Multiplying by 2, lOar + Bar + 15x= 

264 

' • 15 

.*. 3307=264 .•.ar=8.-.5a?=40, 4o7 = 32, and ^0?= 60. 

Hence the shares are ^40, ^32, and ^60. 

(5.) Suppose he had x sovereigns ; then, after giving -^\ to 
B, he had -^x ; and after giving ^ of this to c, he had -^ of 
^^07 left — that is, ^^jX, Consequently, whatever number 07 may 
represent, -^ of that number will be left after the deductions 
stated in the question : hence, there is no limitation as to the 
number of a's sovereigns. 

(6.) To avoid unnecessary fractions, suppose he had 12a7 
pounds ; then he spent in horses and oxen x and 4o7, so that 
7o7 pounds were left ; and after spending ^^ of this in sheep, 
j'^ of it was left — that is, 
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49<r 49ar 

— .•.— =598 .-. 49a?=:980 

.•.ar=20.-.12ar=240.\hehad£240. 

Involution (Page 39). 

The first five examples under this head should he written, 
without any actual work, from the theorems 1 and 2 (p. J), 
Algebra). 

(6.) (a-|-^)-»=(a+W«+*)^ =(a2 + 2aA+.^«)(a2 + 2ai + *3) 
fl2^2a6 + 62 
a3+2flA-f^a 



a44-2a8A+a2A2 

2a3A + 402*2 _|.2flJ8 

«2^+2«^-he»4 
a4+4a86 + 6a2Z»2+4o*34-A^ 

or thus: { (flS-f- 2a*) + ^2} 2 fey theorem 1 (p. 9, Algebra). 

= (a2 4. 2fl5)2 + 2(fl2 + 2a*)63 + h^ 
= a4 + 4a3* -f- 4a262 + 2fl2*2 ^ 4^^ ^ 54 
=«•» + 4a3* + 6a2*:« + 4fl*3 + h\ 

(7.) (a-x)<={(a2-2aa?) + a^}2 = (a2_2a^)2 + 2(a2_2fl:F)a^ + a^ 

= a-» - 4a8^ + 4a2j72 + 2a2;p3 - 4af3 + :r* 
= a"* — 4a'''j7 + 6a2jF2 — ^aa^ + jf*. 

(8.) From ex. 6, 

(a? -y)4=ar'» + 4ar'y + 6a;3y2 + 4j.y3 4. y4 . therefore, 
multiplying by » + y 



af« -h4a?*y + 6a*y2 4 4aj3y3 4 ay* 

a-V + Atj^f -f 6a?2y8 -f 4y4 +y« 

(a?+y)*^^ + 5;rV + 10^y + iar2y3 + 5ay4 4.y.\ 

(9.) In the last example, change x into f, and y into ;?, and 
there results («--ar)*=rs^— 55*2r4-l0s*z3— lOs^^s^Sa^^.^, 

(10.) This is the same as (\/a?-|- /v/y)2=ra?+2v/ay-hy. 
(11.) This is a case of theorem 2 (p. 9, Algebra). 

c2 
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28 XYOLUTION. 

(12.) Powers of the same letter are multiplied together hj 
merely writing over the letter the sum of the exponents; 

therefore, (ar^y +y*)2=:r^3 ^ 2a^y\y^ ^.y— 
arV^ + ar2y 1 +» +y =ar^H 2ar2y^y 

(13.) The cube is at 

once obtained bysubsti- (j?*— y*)2=a?*— 2ir*y* +y* 
tuting a?*, yJ for a, 6 in a?*— y* 

the expression for (a— 



A)» (p. 38, Algebra). a?-2a?y-ha?*yi 

Or the work may be exe- — a?*y* + 2fl?*y* — 5 

cuted as in the margin. 



by first writing down a?— 3a?>y* + 3ar*y*— y. 

the square of a?i— yi 

by theorem 2 (p. 9, 

Algebra), and then multiplying by «i— yi. 

(14.) (*+l)2=r*+2x-hl 
jp3-h2a?+l 



j?H2a?+l 



(15.) By the theorem at the top of p. 39, Algebra, the 
required cube is equal to the difference of the cubes of (a +6)^, 
and (a— ^)^, minus three times their product multiphed by 
that difference. Now, the difference of the cubes is (a+i)— 
(a— 6) =25 : hence, subtracting three times the product multi- 
plied by the difference, we have 

{(flH-i)j-(a-«*}8=25-3(a-hft)'(a-ft)J{(fl+ft)5-(fl-^)^} 

This result is obtained from imitating the general model for 
the cube of the difference of any two quantities at p. 38, 
Algebra; but, as an exercise in actual involution, it may be 
weU to exhibit the work at length, as follows : — 
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(a+i)l-(a-^)i 
(«+*)J-(fl-5)J 

(a4-i)!-.(a4.A)i(a-d)i 

— (a + 5)Ha-5)i+(a-ft)i 

(a+*)3-2(a + *)'(a-*)i + (a-*)3 

-^ (a + 5)?(a-.*)J+2(a+*)^(a--d)3-(fl-*) 
(a+*)-3(a+*)i(fl-ft)l+3(a + *Aa-*)3-(a-*) 

Evolution (Page 45). 
(6.) 4^-4aj?4-a^(2*-« 

4d?— a) — 4fl'j?+a2 
— 4aa?+o^ 



(7.) l-8a+16a2(l-4a 

1 

2-4a) -8a + 16a8 
-8fl+16a3 



25a2+40ajp-h l6^(5a+4« 
25a3 



10a +4*) 40aa?+16*3 

40ar+16x2 



(8.) 9jr3-3x+K3*-i 

9^ 

-3x+i 
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;^ STOLVTION. 

(9,) 49«*-}-42a«*+W»(7«»-f8* 

l4a»+36) 420^*+ 96* 

42a26+9*» 



(KM j?2-2(M?+aH2d?-2a4-l(*-«-Hl 

2j?— a) — 2(ix+(i* 
— 2fl*-}-flf* 



24r-2a+l) 2d?-2fl+l 

2j-2«+1 



(110 



w? 



2 1/ , 1 



2m+l) 2m-l 
2m+l 

1\ 2 1 

^ 2 1 



m m* 



(12.) ;j-2+;?H-— -2* + «\i-»S+« 

7-) -2+? 






2fl 2* . \ 2a2 ^^ ^ 2 
— +a I -—— 2a?+a2 



2a^ 

— -2;r+a2 

J? 
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EVOLUTION. 31 

(13.) The common method of extracting the cube root, 
whether in arithmetic or in algebra, is difficult to remember. 
"W^ shall replace it here by a simple and obvious operation, 
analogous to that exhibited for numbers in the " Rudimentary 
Arithmetic," a reference to which will enable the learner to 
comprehend what follows at a glance, as the two processes 
are the same. 

a* [the cube root 



n2 



flS) -3a2^ + 3a^2_^ 

2a2 -.3fl8-p4.3(w3-^ 



2fl 3a3 

a — 3aa:+j^ 



3a Za^—Sax+x^) 

—J? 



(14.) l-12fl+48a2-e4a8(l— Ja, 

11 1 [the cube root 

1 1) — 12fl-h48a2-64a3 

1 2 -12a4-48a2— 64a3 



2 3 

1 -12a+16a2 



3-12a4-16a2) 



3- 4a 

The first column of work, in operations of this kbd, may 
obviously be shortened by simply annexing the new root-term* 
instead of writing it underneath] and going through the for- 
mality of addition : thus, to the 3fl in ex. 13 the new term 
—x might have been annexed; and to the 3 in ex. 14, the 
—4a might have been annexed. In each of the following 
examples (16, 17), the first column is shortened in this wr 

f 

Digitized by VjOOQ IC 



32 EVOLtJTION. 

(15.) 8j?»-h36ar»+54o«^-|-27fl«v-2*+3a 

24? 4x^) 36ap2+54««x+27<i8 

2x 8*2 36a»2+54tf2* + 27<i8 

4x 12jr8 

2j? +18aj?+9a2 



Or iar2+l8ar+9a2) 
+ 3a 



6a?+3a 



(16.) ^-64?*+15;p4_20r»+15*3-c;x^.l 

a?3 or* j?« (j?2-2*+l 

*3 ^) -6^ + 152^— 20r» 

^ 22^ -6a?*+12^-. ar« 

^ 3^ 3a?^-12j?»+l5^-6«+l 

2*3 — 6a?8+4j?3 3a?^-12j?»+l5^— 6af+l 



3r^~2^ 3^-6a?8-f4j:2) 
—2* —ea-'+Soj^ 

3r2-4x 3^- 12ar» -1-12x2 

-2*- 3ar2-6j?+l 

3a^^6T+T 3a^-12j?8+15j?^-&p+l) 

(17.) y«— 6y5 + 6/ + 16y»-13y3-24y-8(y» 

y2 y4 y« [— 2y — 2 

y2 y4) — 6/-h6y4+16y« 

y3 2y4 -6y« + 12y4-8y« 

2J3" 3y^ -6yH24y«— 12y2— 24y-8 

y3 -.6y8+4y2 -6y* + 24/— 12y2-24y-8 

V_2y V-fiy^ + V) 
-2y — 6y3-h8y3 

3^_4« 3y*--12y3 + 12y3 

-2y -6y Hl2yH4 

3y2_6y_2 3/- 1 2y» + 6y2 + 1 2y + 4) 
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817 R08. 33 

NotE.— The aboye method of extracting the cube root may 
be abridged; but the uniformity and extreme simplicity of 
the several steps render them so easy of performance, and of 
retention in the memory, that any curtailment of the work 
would be injudicious. (See Young's "Rudimentary Arith- 
metic," p. 151.) 

Surds (Page 49). 

(10.) This expression is the same as 
^/(4 . 3)+ ^7(9 . 3) - V'S-I- V(16 , 3)=2 V'3 + 3>v/3- 'v/a-f 
4^/3=8^3. 

(11.) This is the same as ^ (8.5) — 3 ^(64.5) 4 
4</(27.5)=2^"^5-3.4^5 + 4.3V5=2^5. 

(12.) ^16-6^/1+2^54^4^1 = 
4 32 

^16-6>;^g + 2^54-4^g^= 

fl A. 

^(8 . 2) -2^^2-1-2-3^(27 . 2)-5^2=: 
2 ^2-3 >^2 -1-2.3^2-^2=4^2. 

b 

7 Vab= V 2a — Vab. 

(14.) 5 V'a»-(4fl)»-3a'-h A/(16a)=5a,-2a*-3a^-|-4a»= 
2ai-h2a*=2a»(a+l). 

(15.) 2^(2x)-|-6^(4^)+^(8a?8)=2^(2*) + 6>e^(2^)-h 
^(2j?)=9>?/(2j!). 

(16.) A/(18a»^) -h V'(50a8^)= ^(ga*il^ . 2ab) + 
V (25a2^ . 2a5) =3a2ft V(2ab) + 5ab Vi2ab) = 
(SaH+5ab)xV(2ab). 

(17.) ^4x7>^6x-J^g=7v^(4x6Xg)=7^15. 

(18.) (1 + V5)(l - V5)=l-5=-4 1 (Theorem 3, p. 9, 
(V3+a/2)(V3-a/2)=3-2=1 /Algebra.) 

B 
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6URD8. 



(19.) Multiply numerator and denominator by ^/a^ Vb, 
in order to render the latter rational ; then> 

-v/a— ^A"" a—b ~" a-^b 

(20.) Multiply the terms of the fraction by V2— 1, in 
order to make the denominator rational : then, 

V^-Vl (>v/3-V'2)(>v/2-l) 
^2-f 1 "^ 2^=1 ='•2-^3+^6-2. as 

shown by the operation in the margin : V'S— ^72 

V2- 1 



ve- 2 



(^3+V2)3=r3-|-2>v/6+2=6 + 2A/6 
V3+V2 



5V2+2V12 

5V3 + 2v/(9.2) + 5V2 + 
2^(4 . 3)=5V3 + 2 . 3V2 + 5x/2 + 2 . 2>/3==9V3+ 11 V2. 

(21.) These fractions reduced to a common denominator 
become, when added, 

a?-hV('^Hl)+J?-\/(^+l) 2x 
'^-(^0^1) =y=2^. 

Multiply numerator and denominator of the next fraction by 
the numerator : then, 

v/(^- Hy) + >/(^-y) ^ {v/(^-hy)-h^(jr-y)}' _ 

>/(-^+-y)->/(''-y) (^+y)-(*-y) 

^+y-h2V (a?g-y8) +^-y 2x+2V(jfg^y8) * V(j^-yg) 
2y =* 2y "^y-f y 
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SIMPLE EaUATIONS. 35 

(22.) To prove the first, we have only to square the pro- 
posed expression ; thus : 

f-vAflS-j^ ^Y_^_^ ^VCa^-J^) ^ 

To prove the second, we have, hj writing down the square, 
^ +V['^— (•^^-«)] + ^2 =^ + V^« 

Simple EauATiONS (Page 57). 

n.) \/(^+3) = x/7. Squaring each side, *3^3=:7. 
.-. x«=4.-.jr=2. 

Note. — It should be observed, that ( — 2)^ is 4, as well as 
( + 2)^; the square root of 4 is as much —2 as +2: the 
value of J? in this example is, therefore, either +2 or -*2, 
which is usually expressed thus: dr= + 2. (See p. 64, 
Algebra.) 

(2.) v'(^-16)=*-2. Squaring. «2_i6-.j5_4j.^4. 
Transposing, 4j?=16+4=20.'. j:=5. 

(3.) V^— l = x/(a*— 9). Squaring, 0?— 2 v/a'+ 1=0"- 9. 
Transposing, — 2-y/a? = — 10. Squaring, 4a? = i 00 . • . a? = 25 . 

(4.) y/x'\-y/ix—S)=:S. Transposing, ^(o?— 3)=3— >v/ar. 
Squaring, a?— 3=9— 6^ar -ho?. Transposing, 6-y/a?=12.'. 
\/x-=2. Squaring, a =4. 

(5.) v'*— V2=\/(^— 2). Squaring.o*— 2>v/2j?4-2=a?— 2. 
Transposing, 2-^/20?= 4, '.-^20?^?= 2. Squaring, 2a?=4.'.a?=2. 

(6.) >v/(4a?-f-3)=3. Cubing, 40* +3 =27 .-.4^= 24. '.^=6. 

(7.) >v/(5j?-h4)=V3a? + 2. Squaring, 5j' + 4=3a?+4v'3a? 
-f4. Transposing, 2a:=4^3a7.*.a?=2\/3a?. Squaring, 
ip2=12;F.\^=12. 

(8.) V('^+fl^)+-y=*- Transposing, V(a?2 + a2)=^-a?. 
Squaring, x^'i'd^-=b^—2bx'\-x^. Transposing, 26ar=i^— a^ 
62-a2 
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i(y-'a), Trwuipomn^, 5«=4v^«. Squaring; 25«^=lfi«r 
*'• 16 ^'• 

01.) V^i^-h^=>«^(M-f^- Sq«rkig, i^-hJ»= 

s/d^-t^' S<iiiarmg again, «*-k2^j3^^=j,*-|.jr*. 

(1 2.) i/(«-^)=;^7(^Z7)-*- Mok^pIyiDg by V(«-')» 

= 1 , B<)oarmg, tf— *r= 1 •'. a— 1=*. 

(13;,) V(«+^)-*^V(<»— ^)=W'- Sqaaring, a+*+ 

Vftf^-^=^— «• Squaring, tf2-j^=4j2— 4a»+a». ThM- 
posing, or*— 4«r=0. Diri&ig by ^, 5*— 4a=0 .-. 5jr=4« 

4 

<> 

.|4 X V^ZlB+3— JLzl-. The munenitor of this last 

fraetioo»(V'*-f'2)(V'-^— 2): bcncc the eqnatkn is — 3 — 
^as v^jf—S. Snbtraeting the fint firaction from each side, 
3_?Ll!^£r£>/,9«2V*-4--.13=2V ••. Sqaaring, 4x 

(15.) M''y/{(fi^^y/(^-^)}-^' Tnmjposmg. VK+ 
-P^(^-l)j»^-tf, Squaring, a» +xV(«'- !)=•«* -2«4r+ 
ii». Trantpowng, i?\/(^-l)=''-2ar. Dividing by *. 
^(^-.l)ss#-2tf* Sqoaring,««-l=*»-4«r+4a». Trans- 
4fl«+l 
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SIMPLE EQtJATIONB. 37 

(16.) \/(fl-h^) + V(fl-^) c^ jt i3 ^^ jn the Note 

below, that if two fractions are equal, the sum of the nume- 
rator and denominator diidded by their difference is the same 
for each fraction. Applying this principle in the present 
case, we have 

V(f+f).£±l. Squarmg.i±f-(.£±1)!, 

Clearing fractions, (c — 1 )2(o + a?) = (c + 1 )^(a — *) . 
Transposing, {(c-l)3+(c+l)3}a?={(c + l)*-(c-l)8}o: 
that is, (2c»H-2)d?=4ac 
2ac 

Note. — ^The principle employed in the solution of this 
equation is often of considerable use in simplifying the work ; 
it may be proved as follows : let the two equal fractions be 

-=J, then. -+1=^+1: that is. --=^ (A) 

Also. =-1=^-1: '^^PZI B 

n q n q ^ 

Divide (A) by (B) ; then JJ3^=~~ J which is the prin- 
ciple employed above. 

(17.) v'(*+*)=V^ +%/(*"•«)• Squaring, 4?-}-fl=fl-|- 
2s/(ag-a^)+a—a, Transposing, a =2^/(ar— a*). Squaring, 

a^=4{ax'—(ifi). Transposing again, 5a'=4ar.'.«=-j« 

(18.) x/a?— V(fl— J?)=^^ 2 ° Transposing, 

s/x^ZK/{a^x) 

j^ — ^=o.-.v«-3V(«-«)=o.\V'=V(«-*) 

9a 
.-. a?=:9(ii— d?) .'. iar = 9fl .'. J?=Tq- 

(13) ^/{i+t )- VG'-* )=c. Squari. 
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3% SIMPLE KaUATIONS. 

Tranapoeing. ^/\/\J^—^ )~~*~""'^* 
Squaring, \^-^ )=^—^+^' 

4fl2c2 

Traniposing. =4*3^^^ •, 4aV=(4A2+c*)x .-. x= 

4^ + c4* 
(20.) This equation was probably intended to be \/(*2 + 9) 
=s - 2 + yx a^ grZg' Adding 3 to each side, VC-^^ -h 9) + 3 

= 1+ /.^^g. 3 ' Clearingfraction. jri + 9-9=V(ar'+9) 

— 3-+jr2-9, Transposing, 12=V('^ + 9) •*• 144=jp2 + 9 .\ 
a?«=i35.-.j?=3v^l5. 

Clearing, na^— j'Y/(i?* + a2)=j^+rt2^ 

Transposing, (n — l)(r^'^j^=a:'^(a^+a^). 

Squaring, (n-l)V-2(«- l)a2j:H«*=«*+flV. 

Transposing, (n— l)V=(2n— l)aV 

(»-l)V (a-l)fl 



.-.^2=^- 



(2«-l) •••*""(2«-l)* 



(22.) aa!-s/(x'^+a!'^l)=^^(ar^-s+l). 
Transposing, ax=i^(a^ -\-4c + 1 ) + y/(x'—jp + 1 ) . Squaring, 

that is, i2V= 2xH 2 + 2 v^ {(x2 -f 1 )2 -a?2} = 2jr3 + 2 + 
2 V {;p4 _|. ^2 4. 1 J ^ Transposing, (a^ - 2)a?2 — 2 = 

2A/{^4^a^Hl}. 

Squaring, (a^-2)^af^-4(a^-2)x^ + 4=4(a!^-\'X^+l) ; 

that is, (a^— 4a2 4.4)jr4-4a2j.2 + 8^2=:4j^_|.4^, 

Transposing, (a^'^4)a^a!*—4a'^ji^+4fi'^=^0. 
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SIMPLE EQUATIONS. 39 

Dividing by a^, (a^-4)a ff3-.4flH4=0. 
Transposing, (a^ — 4)a V = 4 (a^ — 1 ) 

•'••^=?* a*534 •'•*-« V^^^' 

(23.) ^/(a2 4-ar)=a— ^/(a2— or). Transposing, ^/(a^-h 
aj?)+ //(fl^— ar)=fl. 

Squaring, a^ -f cm? 4- 2 -• (a'* — « V) 4- «^ — fla?= o*. 

Transposing, 2a a/ (a® — a?^) = — a^. 

Dividing by A, and squaring, 40^— 4jr^=a^ 

3fl3 a 

,*, or =~T~ .*. J? =Q v^3. 

(24-)^+J*/\/{^2 + /y/(j^+p)}. Squaring. 
Jl J^ 1 1 // 4 1\ 

14 4 4 1 
Squaring. -i+^+^=4^+p- 

1 ** 

Subtracting—, and then multiplying by — , 
X 4 

Multiplying by aH^a, ab^+b'^xi=a^x 

/05 \ "^ — — 4=: — ' "~ . In the first fraction, the 

denominator consists of the sum of two quantities, and the 
numerator is the diiference of the squares of those quantities ; 
hence (Algebra, p. 9), the equation is the same as 

VoJ?— 1— 4= 2 — » °r vax^5 = 2" — .'.SA/oiF— 9 

81 
z=z^ax .'. VaP5c9.*»aj?s=81 .•.a?=— ■• 
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40 SIMPLE BaUATIONS. 

(26.) lA/(«2+3a«)+i^/(*3-3fl«)==*A/fl. Multiply by 2. 

^/(*3 + 3a2)+ v'(«2-3a«)=2*V'fl. 

Squaring. d?8 + 3aH 2 -/(«*- 9a*) +«3-3a3=4aF2 : 

that is, 2a?* + 2\/(j?*— 9a*)=4flu?*. Divide by 2, and transpose 

-v/(j?*-9fl*)=(2a-l)j?«. Square 

d^— 9o4=(4a^— 4a+ 1)j:*. Transpose and divide by a 

4 / 90^ 

(4-4«)j?4=9(i» /. * = ^ j35^. 

<2^-) ^/(l-^) + l+^/(l+;r)-l=? Multiply the terms 

of the first fraction by 1 — \/(^ ""'^)» *^^ '^^se of the second 
by \/(l + J?) + 1, and the equation becomes 

Multiplying by j?, and transposing, 

\/{ 1 —J?) — //( 1 + ^) = 1 . Squaring, 

l_jP_.2v'0-*^) + 1+^^=1: that is, 2-2^(1 -«^)=1. 

Transposing and squaring, 4— 4x^=1 .«. jr^=T .'. j? = ^* 

(28.) ^(1 +J?) + -^(1 -0?)= ^2. Cubing (Algebra, p. 38), 
(l+^) + (l-^)H-3^(l-a?2){^(l-|-j?)-|-^(l-x)}=2. 

But from the given condition, the quantity within the braces 
is equal to v^2. Consequently, 

24-3^(1 -a^){4^2}=2.-.3-5^(2-2«2)=0 

.•.2-2jr^=0/.^=l.-.j?=l or — 1, 

x^-V(j^-l) a?-V(^-l) . , 

Multiply the terms of each fraction by the numerator of that 
fraction, and the equation becomes 

{;r+^/(x2-l)}3+{^-V(d?8-l)}»=4*(*-l): 

thatis, 2r» + 2(a?2-l)=4j?2-4*.'.2=4a!.-.ar~. 

(30.) j?+y=5 \ By adding and subtracting, we have 
a.-y=l / 2a?=6, 2y=4 .•.«=:3,y=2. 
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SIMPLE SaUATIONS. 41 

(31.) 2j?— y=l. ") Multiplying the second equation by 
j?+3y-ll./2, wehave 

2a?-y=l 
2;i?-f 6y=22 



By subtraction, 7y=21 /.yssS 

.•.j?=ll-3y=ll-9:^2. 

(32.) 4j'— 1 ly = 9. 1 Multiplying the second equation by 2, 
2jr+3y=13./ 4^-lly=9 

4j?+6y=26 

By subtraction, 1 7y = 1 7 /. y = 1 

13--3y 10 
.-.d?- 2~"""2'^^- 

(33.) 3a?4-2y=23.') Multiplying the first by 2, and 
-2d:-j-5y=29. / the second by 3, 
6j?-j-4y=46 
-6j?4-15y=87 

By addition, 19y=133,*.y=7. 

Again : multiplyuig the first by 5, and the second by 2, 

15d?-f 10y=ll5 
— 4d?+l()y= 58 

By subtraction, 19* = 57 .-.^=3 



X 



(34.) 2-y=i- 

x-2-8- 



From the second equation 07=^+8. 
^Substituting this for x in the first, we 
have --f 4 — y=l .'.Srs-/.-. 



, LO ft I a tt\ 

(35 



•J? = | + 8=2+8=10. 



^ f , y __ - ^ Clearing fractions, the equations be- 
•^ 3''"5'" I come 

« r 5j: + 3y=75 

6ar-f y=51 .•.y=51 — 6a?. 



2x+|=17. 
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Sabstitatiiig the value of y in the first equadon, we haTi 
5*+153— iar=:75. Transposing, 78=:13j?.-.4r=6 
.•.y=:51--6x=51-36=15. 



5 T o — ^• 



Subtract the first equation from 
the second, and there results the 
^equation 



Hence from the first "IcT^^ •'' *^'"^y)=^ 

equation, 1 -hi(«— y)=0 .". |(jr--y)= — I 

By adding and subtracting, \ ' — 6 

24P— y 3_- 8y •% By transposition, the first 

(38.) ^ — g— "4"— *— 2. I of these equations becomef 



«— y JJ 3y •% J 

-J — 5=T-'-»- l«fi 



-3^=21. J — i—+*=-i; 

. . 3*— 2y 
• that 18. — ^=-1 .-. 3«— 2y=-l ; 

and, by clearing fractions, the second is x+y=8. 

From this last equation^ x=8~y; and this, substituted in 
the preceding, gives 24— 8y— 2jy=— 1 /. 5y=25 .'. y=5. 



(39.) ax-\'by=zcr 



6 a 



Multiplying the second by ab, the 
equations are 

ax+by=:e 
ax^by^^ab 



ab-^e 
Adding, Soir =•* + e .' . '=~oi" 

c — uA 
Sabtractingy 2^=c— a5.\y=: . « 

x-h2 7 ^ Clearing fractions, 8dr+16=:7y 
(40.) -r-=8- &r=5y-10 



y-2 6 J 



Subtracting, 2jr+16=^+10 
2y— 2*:s6.'.y=:jr+3. 
Hence by substitution, &jr+16=7x+21 .-.xso .•. y=8. 
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(41.) ~+-=a. 
* y 

n m 
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Multiply the first by m, the second by 
Uy and subtract : we thus have 

— - — ==ma—nb ,\x= r- 

J? ma—no 

Again : multiply the first by », the second by m, and sub- 
tract; then^ 

y ^ mh—na 

(42.) (j+l)(y-9)=(y+7)(j?+5)-n2.T Thefirstequa- 
3y— 2j?=9. Jtionis 

d?5r+y-9j?-9=jy + 7a?+5y-f-35— 112; 
that is, by transposition, 4y + 16jr=68, 
so that the equations are 

y+4^=17. "I Multiplying the second by 2, and adding, 
3y — 2d?= 9. J we have 

7y=18 + 17a:85 /. y=«6 /. 54-4*=l7 .-. *=^^^=3. 



y— 2j?~1 



(43.) y +4= 10-^^— 3 



Clearing fractions, 
12y + 3^=120-4y-|- 
8x4-4 
2dr— 1 — 12jr+4yrrdr— y. 



2j?— 1 6jp— 2y J-- y , 
10 " 5 ~ 10 -» 

Transposing, 16y-* 5j?=124 
5y— lla?= I. 
Multiplying the first of these by 1 1, and the second by 5, 
176y--55j'=1364 
25y-65j::£i 5 

1359 
Subtracting, 151y ' =1359 /. y=-f5T =9 

^y- 1 44 
11 11 *• 

(44.) 3-4j?— •02y=-01.1 Multiplying the first by 20 
2x 4* •4y = 1 • 2. J we have 
6&P— 4y=-2 
Adding^ 2dr4"4y=sl-2 



70j: =1-4.-.x=^=-02. 
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1-16 
and by the second equation, •04 + *4y=l*2 .'. y= ,^ =2*9 



(45 



fjl3[_, "j or ax-\-d^y=Sac, by multiplying by 3a, 



f±oy_^ ^or ar+o2y=3flc. 

3 ' > ax—by^s c 
aa—by^c. J — 



Subtracting, (a2 + %=(3fl-l)c .-, y= ^ ^2^^ 

Also, bx-^-aby^zZbc by multiplying the first 
a^x—aby^ac [by 3A. 

(a + 3A)c 
Adding. (a2+A)x=(a+3*)c .-. t= ^3 ' ^ ' » 

(46.) <w+*y=c2. 1 Add a^+ft^ to the first equa- 

a(a + J?) =6(A +y) . / tion, then it becomes 

a(a+j?)+A(6+y)=a8+^+A 
Also, a(a+a?)— }(6+y)=0. 

Adding and subtracting, {22(^Jy)^$iJ2;|:2 

•*•'- 2a 'y- 2* * 

(47.) 2a?— 2y + 3r= 16.1 Multiplying the first by 2 and 
3*+5y — 2r= 6. >tlie second by 3, in order to eli- 
4j? + 3y — 4ar= — 1 . J minate z, we have 

4ar— 4y + 6ar=32 
9ar+15y-6r=18 



Adding. 13a?+ 1 ly =50 (A). 



Again : multiplying the second equation by 2, we have 

6j?+10y-4r=12 
4jrf 3y— 4r=-l 

Subtracting, 2jr + 7y =13.,.. (B). 
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Multiplying (A) by 7 and (B) ,by 1 1, in order to eliminate y, 
we have 

9U+77y=350 

22;r-f 77y=143 

Subtracting, 69j? =207 .•. «=3 

13— 2d? 7 
.*. from (B), y=: — = — ~ 7^ ^ • ^^^ substituting these values 

of X and y in either of the proposed equations, the third un- 
known 2 becomes determined thus : taking the second of the 
given equations, we have 

3d?+5y-6 9 + 5 — 6 
z= 2 =—2— =4. 

These equations, cleared of frac- 
tions, become the following — 
namely, 

20j?-i-15y-hl2r=2820 

30j?+24y + 20r=4560 

12j?+ 8y+ 6r=1488 

Multiply the first by 3 and the 



X y z 
(48.) 3+1+5=47. 

X y z 

4+f+e=38. 
' y ^ ^^ 

2+1+4=62. 



second by 2, then 

60j:+45y-i-36r=8460 
60j'+48y-f40z=9120 



By subtraction, 3y+ 4r= 660 (A) 

Multiply the first by 3 and the third by 5, then 

60d:-|-45y + 36ar=8460 
60^- + 4(^ + 30^=7440 

By subtraction, 5y+ 6ar= 1020 (B) 

Multiply (A) by 3 and (B) by 2, then 

9y + 12r=1980 
I0y+12ar=2040 

By subtraction, y =60 

/. {,A) z= P-^= 165-45 = 120. And, from the first 
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of the given equations, 

2820-1 5y-122r 



x=i- 



2820-900-1440 



20 



20 



-=24. 



(49.) ^=5. 



= 1. 



3j?— 3r— y=0. 



z 
y-r 

J? 
a? — z 1 
""^3 _ 
Subtracting the second from the first, we have 

2j:— 42r3=0 .-. j:=2r 
Substituting this in the third, y=3j. 

If these values be substituted in either of the equations, 
the condition of that equation will be satisfied without limiting 
z to any particular value: hence, z may be anythiny, the 
accompanying values of w and y being 2z and Zz, Thus, if 
z be taken equal to 2, then a?=4, y=^Q, z=2; if z be taken 
= 1, then iP=2, y=3, xr=l, &c. Either set of values will 
satisfy the proposed equations, as is obvious. 



(50.) a:y2r=40. 
a?y«;=80. 
y;?«;=200. 
a;zw=:lOO. 



These four equations may be reduced 
to three, thus : divide the second by the 



xyw 



first .•. =2 .*. w=^2z : hence by sub- 

xyz ^ 

stitution, jy2r=40, yr^=100, xs^—bO 

40z 4 

■=50.-. y=-r 



40 
.0?= — 



z=5, 



•.^^=100 



=^.=4 



y 

•. r»=r25x5=58 

40 
•.d?=-7=2, ie;=20:t=lO. 
yz 



Problems (Page 62). 

(1.) Let 0? represent the number; then by the question, 

>v-^(ar+9)=5. Squaring. 2a? + 9=25 

.-. 2j?=16 .-. a?=8. 
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(2.) Let the number be represented by x; then by the 
question, 

a/(5^+4)=2+ ^/3*. Squaring, 5d?+4=4+4v'3a? + 3a7. 

Transposing, 2x=4V3d? .'. ^=2/v/3j? .-. jp2=:i2j? .-. j:=12. 

. (3.) Let jp represent the number ; then by the question, 

^(^-7) = 7-x. Squaring. a^-7 = (7-^)2=49-14x+jr« 
.-. 14^=56 .-. x=4, 

(4.) Let X represent the greater number, then 56— x is the 
less ; and by the question, 

*--(56-x)=24 .-. 2^=^56 + 24=80 /. *=40 
.-. 56-ar=16. 
Hence the two numbers are 40 and 16. 

Otherwise, — Let x be one number, and y the other : 
then, j?+y=56 
• and X — y=24. 

Add and subtract, 2jr=^80 .*. jr=40 1 the numbers 



2jr=?80 .-. jr=40 1 the numbe] 
2y=32 .-. y=16. J sought. 



(5.) Let j? be one number, then 16—^ is the other; and 

ly the question, 

1 1 2 2 

x'^l6—x^x'^l6--x' 

3 1 

Transposing, -.- .-. Sx=:l6—x .-. 4x=z\6 

16— * X 

.-. j?=4, .-. 16— j?=12. 

Jence the numbers are 4 and 12. 

Otherwise. — Let the numbers be. x and y ; then bv the 
question, a?+y=16 

112 2 

and- 4- -=-— 

X y X y 

3 i 
.•.--^-=0.-.3x-y=0. 

But J? -fy= 16 

Adding, 4a: =16 .'. j?=4 
^ .-.y==16-jb=12. 
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(6.) Suppose there' were x ships at first : then there were 

XX X 

taken, sunk, and burnt, + 2 + 2; that is, + 2, so that there 

remained J?— ( o + 2 j ; that is, 2""2. Of these, one-seventh 
were lost in the storm, so that six- sevenths of them — that is, 
•=( ^ — 2 j were left ; and by the question, 

?(|-2)=24--. 6(1-2 =168 

/. 3^—12=168 .-. j?-4=56 .-. a?=60. 
Hence there were 60 ships at first. 

yf,) Suppose the ages were x and y years : then by the 
question, 

J? : y : : 3 : 4 1 Multiplying extremes and 

and or— 10 : y— 10 : : 2 : 3 J means (Arithmetic, p. 101). 
4^=3y .-. 4j?— 3y=0 

3x— 30=2y— 20 .-. 3a— 2y=10. 



Subtracting, *— y= — 10 .*. j?=y— 10. 
Substituting this in the second, 3y — 30— 2y= 10 .'. y=40 

.-. ar=30. 
Hence the ages are 30 and 40 years respectively. 

(8.) Suppose X gallons must be added : the worth of these 
will be 14jr shilUngs; so that the worth of the whole 
20 + 36+d? gallons will be (180 + 396+14^) shilUngs. But 
by the question, the same is worth 12(20+ 36 +jr) shillings. 

.-. 576 + 14jr=672+12a? 

.*. 2j?= 96 .'. jr=48, the number of gallons. 

(9.) Suppose the price of a sheep was x shillings, and the 
price of a lamb y shillings ; then by the question, reducing to 
shillings, 12jr+20y=580 .•. 3j?+5y=146 

Also, 10a:+3(^=670 .•. J?+3y= 67 
Multiplying this last by 3, 3j7 + 9y = 201 
Subtracting the first from it, 4y= 56 .*. y=14 

.'.*=67-3y= 67-42=25 
Hence the price of a sheep was 25«., and that of a lamb 14«. 
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(10.) Suppose X to be the number of pounds a contributed, 
and y Uie number 9 contributed ; then, since the whole stock 
is to the whole gain as the contribution of each to his proper 
share of that gain, wje haye 

153x , 
. 833 5 163 : 2 or : -ggj AS share, 

153y 
833 : 153 : : y : -g^J b's share. 

Now by the question, - 

153j: 153y 

833 ^ •"".833* . 
. Also, j?+y= 833... ; (1). 

Substituting j?+y for 833 in the denominators above, and 
clearing fractions, 153a?-f 45j?+45y=153y, 

.-. 198jr-108y=:0 .'. lljp-6y=0.. .. (2), 
Multiplying (1) by 6, we have 6apH-6y =4998 

. And adding, 17j?=4998 .•. j?=294. 

Also from (1) y=833— j?=833-294=539. 
Hence a contributed ^294, and b ^539. 

X 

(11.) Ljet X represent the number of sheep, then Tq xnust 

X 

be the n^umber of acres ploughed, and 4 the number of acres 
for pasture ; therefore, by the question^ 

,Q-^^=:700. .'.Multiplying by 20, 2*-|-5ar=1400 .•.a?=s2000. 

X 

(12. Let - be the fraction : then by the question, 

X 1 
x-^yszSx .*. y=4d7 : hence the fraction is TI=7* 

(13.) Let X represent the number; then by the question, 

x^-l :x4-5 :: a?+5 :*-|-13. 

Multiplying extremes and means, there results the equation 

(*4-l)(«+13)=(jr+5)^thatis,^+14jr+13=«2-|-l64r-f25. 

Transposing, 14d?— iar=25— 13 .*. 4«=?I2 .*. j?=8. 

D 
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(14.) Suppose A takes x hours, and b, y hours; then, when 
ihfff meet, a will have trayeUed jr— a hours, and b, y— ^, 

Moreover, a travels at the rate of -^ of the diitenoe in mi 
1 . * 

hour, and b at ^e rate of - the distance in an hour ; so that 

in 07— a hours a will have gone of the distance, and b, 

y-b I 

of the distance. But these parts of the distance make 

up the whole. 

*— fl y— ft ^ ^ 

Also, since, at the time of meeting, each must have travelled 
the same numher of hours, it rollows that the cKlference 
hetween the numher of hours occupied by a, and: the number 
f)ccupied b J B in going the whole di^taace* most be a-^b: 
hence, for a second equation, we have 

d?— ysra— A (2). 

From thci first equation, by clearing fractions, 
j;y — fly + djy — 6jp= j?y 

b» 
that is, (j?— fl)y=ftjr .'. y= • 

But from the second equation, y=df— a+ft 



••• — — =j?— fl+ft .'. fta?=(jf— fl)*+ftj?— aft 

.'. (d?— a)^=flft /. jr— fl=fl*ft* /. j*=a+a*ft*. 
Consequently, y=«— a-f ft^a*ft*-f ft ; and these values may be 
expressed in the following form — namely. 

Number of hoars taken by a« a\a^-\-b^) 
„ B, ft»(a*+ft*) 
Note. — ^The equation (I) would be expressed a little more 
conveniently by writing it thus : 

, aft aft, 

1--+1--=1..-. 1--=- ,-. (*-a)j(=^i*. 

(15.) Suppose he takes -Hh of a quart of the fiipst:. then he 
mu9t take 1—- of a quart of the second. The value of the 
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20 

. first of these portions 18 -^ penoe, and that of the lecond is 
12(1 — ~ ) pence ; hut the value of both portions is 14 pence, 
' by the question^ 

20 12 8 

.-, •- +12—- = 14 .*. -5=2 .•. 8=2* .•. «s=4. 

XX X 

Therefore^ he must take ^ of a quart at 20 pence, and f of a 
qumrt at 12 pence ; the former portion bemg worth 5 penoej 
and the latter being worth 9 pence. 

(16.) Let X represent the first digit, and y the second; 
then, since the local value of x is ten times the figure x, the 
number itself will be expressed by lOx+y: hence the condi- 
tions of the question are 

iar+ y= 6j?+5y\ . / 5j?-4y=0 
and llj?+2y=l()y+ xj •' I iar-%=0. or 5*— 4y=:0. 

It appears firom these two equations, that the two conditions 
of the question are not independent — that is, that the second 
condition is substantially only a repetition of the first. The 
inference therefore is, that any two digits, x and y, which 
satisfy the single condition 5*— 4y=0, or J?=fy will answer 
the question : all that is necessary being, that the first digit, 
X, be four-fifths of the second, y. But the only di^t, of 
which four-fifths is also a digit, is evidently 5 : this, there- 
fore, must be the value of y ; and, consequently, 4 must be 
the value of x : hence the number is 45. 

Note. — ^The learner will have frequent occasion to notice, 
in solving problems by algebra, that the science will often 
furnish results much more general and comprehensive than 
the restrictions of the question . admit of bcnng received as 
answers to it. The present example is an instance of this ; 
the algebra justifies our assuming any number for y, and then 
taking four-fifths of that number for x : thus, we may take 
y=10, then x=S; or we may take y=15, then ^=12, and 
so on, to any extent. These values all ftilfil the original 
algebraieal conditions above — ^namely, I0x+y^5x + 5y, and 
l]a?+2y=:10y+«s but there is a restrietion in the question 
from which these algebraical conditions are wholly free — 
namely, the only values admissible must each be a tingle digit ; 
so that the values of yaslO, y=sl&, &c.« each eonsistip- 

d2 
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more than one digit, are inadmissible as answers to the que*- 
iixm^ The learner should always examine whether the alge* 
braical solutions, when there are more than one, are not, some 
of them, in this wa]^ rejective in consequence of limitations in the 
question not being impressed on the algebraical translation of it» 

(17.) Suppose he began with x shillings: then at the end 
of the first sitting he had, according to the question, '3x— 16 
shillings. As, at the second sitting, he lost four-fifths of this, 
he had only one-fifth of it left, which sum, added to the x 
shillings he afterwards won, amounted by the question to 80 
shillings : hence this equation 

|(3*-16)+^=80 .-. 3«-16+6*=400 
.-. 8j?=416 .•. j?=52. 
Consequently he began with 52 shillings, 

(18.) Suppose they can finish it in « days : then they can 

do - of it in 1 day j but by theijuestion a alone can do •- of 

it in 1 day, and b alone t of it ; so that together they can do^ 

- +T : hence the equation, 

111 , , ab 

- +7=- /. ax-\-ox^ab .'. ^= — rr* 

(19.) Suppose his original stock was x pounds : then he had, 
at the end of the first year, 

• a?-50-|-i(j?— 50), or|(a?-50); 

at the end of the second year, 

50 16 200 

|(^_50)-50+i(a?-50)— 3-=y(*-50)— g-; 

at the end of the third year, 

fl6 200 1 

i{y(a^-5O)-3-.-50}. 

Hence by the question, 

rl6 200 1 

i|y(x-50)— 3— S0|=ar 

.,!l(fi:£2)_«o2_2oo=6. 

.'. 64*-3200-2400-1800=:54«. 
••. 10^=7400 .*. *=740, the amount of stock. 
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Note. — A little coDsjderation of this question will show 
that the stock at the end of the third year must be 

i.4.Ka?-50)-i.4.50-i.50. - . 

And generally, if the term be n years instead of three, the 
stock at the end of that term would be found by prefixing 
•f> as factor, n times to (x— 50), n— 1 times to 50, then n— 2 
times to 50, and so on, till we came to simply 'f . 50; each 
of the products, after the first, to be subtracted. 

(20.) Suppose the velocity of the strongest tide to be or 
miles an hour, and the velocity the man could give the boat 
without any tide at ally miles an hour ; then with the stronger 
tide in his favour he goes a-^y mil^s an hour, and therefore 
i (^+y) in f of an hour; and with 'the weaker tide against 
him, he goes y—Jj? miles an hour, and consequently f (y— Jo?) 
in 1^ hour : heiiGe> as the distance is the same there and back, 

>. K*+y)=|(y-i^) 
.•. 3«-|-3y=6y— 3i? *\ 6ar=3y. 
But, by the question, 

}(a:+y)=5 >. 3a?+3y=20 /. 3y=20-3a? 
.\ 6j?=20^3a? .-. 9j?=20./.>r=2|. 

(21.) Let the three parts be Xpy^Zi then by the questioa 
we have these three equations ; namely, 

ar-|-y+z=115201 Tx4-y + 2=11520 . 

9«-f »y=i7yH-72r > .v. < 9ar4-2y— 7a;=G 
8y— 8z=x+2r J [— 9x-f 8y— 2f=0. 

Adding the last two equations, lOy— 8z=0. 

Subtracting the second from 9 times the first, 7y + 1 6z= 103680. 

Adding twice the first of these to the second, 27y= 103680 

lOy 5v 
.-. y = 3840 .-. «=-g^=~=960x 5=4800, 

and x=11520-(y+ar)=2880. 
Hence the three parts are 2880, 3840; and 4800. 

(22.) Suppose he bought s sheep : then by the question 

• 94 
the cost of each was —pounds. After his loss he had ~ " 
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X— 7 47 

— TT— — ; but by the question this price is j620 ; therefore, 

47/'- 7'\ 

— ^ -^=20 .-. 47*-829=40* 

.*. 747= 329 .*. tSP =47, the nuinber of sheep. 

(23.) Suppose 9 quarters of wheat and y quarters of barley 
pay the rent: then by the question, 5547= 33y, also 604^+ 
41y=554r+33y + 140, seeing that there are 140 shillings m 
£7 : hence the equations, 

5547— 33y=0 \ . fS*— 3y=:0 
lQs+ 8y=140/ •• \54rH.4y=70. 

Snbtraeting, 7y=70 .••yslO 

A*=y=6. 

Hence there were 6 quarters of wheat, and 10 quarters of 
barley. 

(24.) Suppose the distance travelled to be « feet: then the 

fere-wheel must have revolved - times, and the hind-whd j 

times ; and by the question, 

4? 4? , , r, V . ^^ 

-=^-fji .•. hx^ax-^-afm ,' , {p^ii)x^tum •*. jr=j^« 

PuRB Quadratic EauATiONS (Page 65). 
(1.) 4^=144. Extracting the square root, 4f=± 12. 

(2.) 47^—9=16. Transposing, 47^=25. Extracting the 
square root, «= + 5. 

(3.) -T— 5=7. Clearing, 347»— 20=28. Transposmg, and 
dividing by 3, 47^= 16. Extracting the square root, «= +4. 

(4.) 2^(1-47)»=V3. Squaring, 4(1 -«»)=3, 
or 4-4473=3. 
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Ttamposiag, At^^ 1. Extracttng the square root, 

.,. s/W-^^-x 1 x/(a^+^ 1 , 5+1 
(6.) — ■; =j.. - =^ + l=-j-. 

Squaring, — ^=— p .•.p=— -^2— — 1=— ^ 
Or^ rerersiag the terms of each fraction, 

ah 
Henee, extractmg the square root, *=* '^^T^\ ' 

7*3 4*3+5 2«»— 15 
(6,) -j-- 2""+ — ^4~ =^- Multiplying by 4. 

7«»-ar»-10+2««-16=0 .% «»=25 /. *=±5. 

(7.)55i + 7=^- Multiplymgby4*2, 

2+28*2=9 .•. 28*2=7 .-. 4*2=1 .-. 2*= + l /. *=+i. 

4^+50 *2— 10 

(8.) 35 ~=*2— 3— . Multiplying by 15, 

526-8*»-150= 15*2-^5*2+50. 
Transposing, 325=13*2 .*. *2=25 ••. *=+5» 

AdfActed Quadratics (Page 73). 

(1.) *2— 8*=9. Completing the square, *2-.8*+42=25. 
Extracting the root, *— 4=±5 .'. *t=4+5=9 or —1. 

(2.) *2^.i2*_i6=92 .-. *2+i2*=108. 

Completing the square, «24. 12*+ 6*= 108+ 36= 144. 

Exti-acting the ro6t,^r+6= + 12 .% *=-^6+12=6 or —18. 

(3.) *2^34i.st:io. Completing the square, 

^-3,4-(|>=10+|^f. 

3 7 34- 7 

Extraotmg the root, *-^= + 2 .*. *=-^=5 or —2. 
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' (4.) j?*--»d?+8=:45* Transposing, «*— *=:41J, \' 

169 
Completing the square, «8— jr-|-^=s42^=-^- 

18' 1 + 13 ^ . 

Extracting the root, *— 1= ±-^ .' = — 2~^=/ or — 6. 

*' 4 
(5.) 5«24-*=4. Dividing by 5,**+ g=^- 

, „ * 1 4 1 81 

Completing the square, ''+5 + ioo=6"«-ToO=100' 

. ,' . 1 9 -1 + 9 4 

Extracting the root, *+xo^iTo •*' *^ — 10^^5 ®^ "" 

a 21 
(6.) 2*3— a?=2r. Dividing by 2, «*-2'*"2 * 

^ , .' ' , ' o * ^ 21 1 169 

Completmg the square, *^ "" 2 "^ 16 ~*2"*" 16 "16" 

Extractmg the. root, *— 1 = +"t. •*• J?= "]^ =2 o' ""3. 

(7.) 5««+6*-3=:60 .'. 5d?'''+6*=63. Dividing by 5, 

« . 6jf 63- ■■'':■ 

a?2 + -^ = -T- . Completing the square, 

.,^g 65 ^_63 ^324 

„ . , 3 18 -3+18 ^ 21 

Extracting the root, « + 5= + "c" •*• *= — "^ — '=3 or — -gj- 

(8.) J? — 1 = — - • * Multiplying by x, jfi — « = — 1 . 

■ Completing the 'square, **— a?+^=— f. 
■ . , 1 V-3 1 + A/-3 
Extracting the root, J?.— 5==^ — 5 — •*• *= b * 

(9.) (*-12)(ir+2)=b; that is, «3-iar«24. 

Completing the square, J7^—10;r+ 25=49. 

Extracting the foot, j?— 5= + 7 /. j?=5 + 7=12 or —2. 

NoTE.^The given equation in this example may be readily 
solved without going through the process for a quadratic : for 
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it is plain that the equation (^— 12)(jr+2)=0 is. satisfied by 
equating either of the two factors in the first member of it 
to 0; that is, it is satisfied for or— 12=0, and also for 
jr+2=0; therefore, it is satbfied for x=:12, and «= — 2; 
and these are the only values that will answer, since a pro- 
duct cannot become nothing except one. of its factors become 
nothing. The learner wUl thus pei'c^ive, that when the 
factors of the first member of an equation are actually exhi- 
bited, the second member being zero, all the roots of that 
equation are discoverable by simply equating each factor to 0. 
Thus, if 

(*-4)(*-f6)(j:+2)(«-8)=0, 

the roots or values of d? in this equation are ^ =^4, j?=: ~6, 
«=— 2, jr=8. 

•Moreover, when one .of the roots is known, if the first 
member be divided by a minus that root, the quotient, equated 
to 0, will be the equation containing the remamiog roots. Or 
if the final or absolute term of an equation, whose terms are 
all brought ^q one side, and the coefficient of the highest 
power of ^ rendered equal to uuihr, be divided by one root, 
the quotient will be. the product of all the other roots. The 
learner will find these principles of frequent application in the 
following solutions. 

(10.) 8«»-14*=— 15. Dividmgby3.«3 — 3"=-5. 

^ , . t. « 14a? 49 49. , 4 

Completing the square, ar — 3"+"q"=="9 — ^^o' 

„ . , 7 2, 7±2 

Extracting the root, *— g=± j .'. *=— g-=a3 or 1|. 

' (11.) 2«»-ll*=21. Dividing by 2, ^-^=Y' 

ll* 121 21 121 289 
Completing the square, r' — g- -f Tg'^'^*"^ TT'^Ts * 

« . , 11 17 11 + 17 ^ 

Eztractmgthe root, «— "ja=:+-rr ,\x^ — 'j — =7 or — 1|. 

h c 
(12.) (ufl^bxszc. Dividing by fl, «*—-«=- 
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Completing the $quare, J^-y+j^=^-f jg= ^ -. 

Extracting the root, *- 0^=^^ ^ 

ft±-/(ft^-f4ac) 

(13.) 4*— ^:j:y=^^' Clearing, 4*8+4*- 14+*=: 14*4-14. 

9* 
Transpofling, 4*3— 9*=28. Dividing by 4, *»— -j-ss;. 

Completing the square, **— j +^^=7+^;^=-^^. 

9 23 94-23 7 

Extracting the root, *— gsHh-^ .•. «=-=| — =4 or — j* 

(14.) **— 4a*=— 7a*. Completing the aquare, 

*»-4a*4-4a«=-3a». 

Extracting the root, *— 2a=a^— 3 .*. *=(2± \/— 3)a. 

10 14—2* 22 w ,^ , . . . 

(15.) — — ?~"=T* ^'^^p^y^^erby**, 

10*- 144- 2*=-^. 

22*3 ^ 

Transposing, -^ 12*= — 14. Multiplying by ^» 

,54 63 ^ , . 

** *- YT'^ "" IT' Co^P^^^ng ^e square, 
54 _^/27\ /27\ 63 36 

„ . , 27 6 274-6 21 

Extracting the root, *— n~iTT **• ^'^^iT^^^ ^' IT* 

(16.) *4-\/(5af4-10)=:8. Transposing, a/(5*4-10)=8-*. 

Squaring. 5*4-10=64— 16*4-*'. Transposing, 

*3 — 21*= — 54. Completing the square, 

^ 01 ^/"^IV 441 ^^ 225 
^-21*4-(^J3=-4— 54=-5-. 

Extracting the root, «-y=± ^ .-. *at ^^ - ^ is: 18 or 3. 
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(17.) — c — — ^ o = — Jq — . Addmg? to eacn ridc^ 

ag+11 30-2^ 7x 
5 "■ *-6 ""10* 

Or» BUDtracting rri* 

11 30-2y jr 

5"" ar-6 "^lO* 

Multiplying by 10(*-6), 2ar-132-^800+2ar=*»-&F. 

Transposing, *•— 48*= —432. 

Completing the squai«, «»-48»+24«=s576— 432^=144* 

Extracting the root, «-24s=±12 .\ dra:24+ 12=36 or 12. 

(18.) «+^(10jr+6)=9. Transposing, V(lOx+6)-9'-a. 

Squaring, 10a?+6=81— 18*+**. 

Traniq>06ing, #*— 28j?=-»75. 

Completing the square, j?^-. 28* +14*= 196— 75=121. 

Extracting the root, «-14=±ll .-. df=14±ll=25 or 3. 

(19.) (a?+2)3=2«3+8; that is, *2+4«+4=2*»+8^ 

Transpoang, jp»-4*-f-4=0; that is, («--2)8=0 /. «— 2=0 

*•. «=2. 

(20.) —^ — T" ^"* ^°^*'P^y™s ^y ^» 

2a?8>44«-27j?*+18;r=24. Transposing, 25«2-62«= -24. 

62 24 

Dividing by 25, **— Q5^=""o]e' Completing the square, 

J8 ^ . /"ilV^?!^ 24_361 
^ 25*+V25/ *"625""25""625* 

Extractmg the root, *-'25^^25 * • '=""25^=^ ^ aT 

/«tx?f ^.^ 3^-lg 4j?^3 2« 18 ir 8 4#-3 
141.) ^-j- jg -j-^,or^-^=j-g-^^. 

tVantpoamg, ?^=^t==J-^ Multiplying by 18(4r+3), 
2(2*-10)(4*+S)=:3a?(4*+3)-18(4«-3) ; 
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... that is, l&F2^68,_eo=:l2««+9*-^72dr4-54. 

5 67 

Transposing, 4j?*— ;5ar= 114. . Dividing by 4, «* — i'^T * 

^ , . t^ o 5 /5\., 57 25 1849 

Completing the square, *^""4*+V 8/ T"^^ ^"P"* 

^ . , 5 43 . 5+43 ^ 

Extracting the root, dr*-Q^+-jr .*• *= — g — =6 or —4}. 

/22.) ^^— ^— -=2--« Clearing fractions, 
*' *.+5 X — 7 9 . 

9(»-7)(«-3)-9(*+6)(*+4)=26(a?+6)(jp-7) ; that is, 

. : 9(«8-iap+21-«»-9a?-20)=25(x»~2jf-35), 

or 9(l-19a')=25(«3-2«-36). 

Transposing, 25j?8+ 121j?=884. Dividing by 26, 

'121 884 
jfi^ ^=17? * Completing the square, 

" 121 /121V 884 14641 103041 



25 



V507""25'*' 602 - 508 



Ezti:^K^g the root, 

l?l 321 -121+321 , • SI 

^+-50 ="± 50" •••'=— 50— =^°'-«25- 

(23.) «3— (a+/^)j?+^ft==0 .*. sfi^{a'\-h)»=^^db. 

(a + i)2 (fl—A)' 
Completing the square, «*— (a+5)*H — -^ — = — r — • 

Extracting the root, 

a^h a-h ' a+ft+(a-A) 
. ^— 2"=±~2" '*• *= 2 =" °' *• 

Note. — ^As observed in the Note at p. 56, we can always 
pronounce, at once on the, roots of an equation, whenever the 
simple factors of the first 'member, equated to zero, are known. 
It IS obvious, that in the present example the factors of 
«8— (a+5)«+<i^ are (j?— a)(j?— 6), so that the roots are |it 
onbe seen to be ^=a and x=^b. The sunt of the roots, with 
changed signs, is always equal to the coefficient of «, and theii^ 
product equal to tUe third term. (See Algebra, p. 66). 

Many quadratics may be solved at sight by mean^ of this 
principle; Thus: ex. h P» 73, Algebra, is a'— 8^—9=0, 
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V9\ken it if immediately seen that — 8=s-*9-f 1» and that 
— 9=— 9x1 : hence, changbg the signs of —9 and 1, the 
roots are j?=^9 and jr=s—l.> Again: ex. 3 is *^— 3*— 10=0, 
where —3= — 5-1-2, and — 10= —5 x 2 ; therefore, the roots 
are d?=5, and jr= —2, and so in other instances., 

(24.) 4*+4^(*-f2)=7 .•• 4V (^4-2)=:7-4jr. 

Squaring, 16(>+2)=(7-4j?)» .-. 16ar+32=49-56*-hl6«* 

••. 16«»-72x=s^l7. 

9 17 

Diriding by 16, «*-^2***'"T6' 

^ , . t. , 9 81 81 17 64 

Completmg the square, *^"" 2* "^16^ 16"" 16^16' 

9 8 9 + 8 

Extracting the root* a*— j=±^ .*. d?=-^=— =4^ or }. 

X — 9 
(25.) af=-fT^-|-15: thatis,*=jf»—3 + 15 .•.*—«:*= 12 

49 

. Completing the square, a?— j?*+i=12i=-T^ 

Extracting the root, 

7 1 + 1 

«♦— i=±2 .•. *j=-=-=— 3or4.'.*=9orl6. 

(ae.) V(*+6)+V(*+3)=3V*.« 

Squaring, j?+6 + 2>v/(a?+6)(j?+3)-fa?+3=9j?. 

Transposing, 2>^(d?+6)(j?+3) = 7a:— 9. Squaring, 

4(r+6)(x+3) = (7*-9)»; that is, 4(*«+9*+18)= 

'49j:^— 126d?H-81, Transposing, 45j?»— 162*=— 9. 

18 
Dividing by 45, «^ — T *— ""i* 

^ , . ^ , 18 81 81 1 76 

Completmg the square, *^""'5*+25~25"*5^P' 

;, . , 9 776 9+ a/76 

Extractmg the root, a?— ^= a/ -gj .•. xs=-=^-— 

A/(4*-f20) 4-v/jp ^, . ■ . 

(27.) ^ .^ = / . Clearmg fractions, 

V(4df*+20«)=16-«. 
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52 856 
Dividing by 3» ^^-k--^ '°^'^* Completing Ae wqjaaare, 

. 62 /26V ^6 676 1444 

Eixtraodng the root« 

26 88 -26+ d8 ^ 64 

*+T= ±"3 •'• *= r~ =^ '^'^ "^"3" 

(28.) x/*4-2=: ^/(r+ar). Sqnariog, jp+4\/*+4=:7 + 2*. 

TVanspoaing, 4^«=x+d. Squaring, l&r=:j?^+6jr +9. 

Transponngy sfi— lOssr *^9. Completing the Bqnare, 

j?3— iar+25=16. 
Extracting the root, «— dss-f 4 .*• jr3=6+4a9 or K 

(29.) JXT+^y ==H- Clearing fractions^ 

6«»+6(ar+l)8=13j?(ar+n; 

thatis, 6«»+6j?2+12«+6=13a?«+13a?. Transposing, 

25 
jfl + «= 6. Completing the $qaare» «^ + « + i= "t- 

-1±5 

'' 2 ' 

4jfi a 33 

(30.) -^=3 + 11 .•.4«»=:i?+33/.4;r»-a?=33.-.«»-i»^^- 

1 33 1 529 

Completing the square, «^— i*+g4='4 '^si^'di * 

23 1 + 28 

Extracting the root, «—- 1-=«±^ .•• **= 3 — =3 or — 2f . 

. (31.) x/(*— «)+n/(«+*)'«2v'«. Squaring, 

*— a + 2\/(*— fl)(*+^)+*+*=4*. Transposing, 

2V(«-a)(«+*)=2»+a— *. Squaring. 4(#-a)(«+*)= 

(2«+a-5)2 .-. 4(*-fl)*— 4a5=:4(a-.5)«+(a-/^)2 

Transposmg, 8(6— a)«x><ii^5)S+4«^i:ii(a+»)' 

(a + &)» 



'^""8(6-tf)' 
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(32.) -y^'^'+'O^^r:^, Clearing fractioM, 

\/(fl**'+to)=a*— «• Squaring, «"**4 ia?:3eii*— 2flftr+«* 
Transposing, (a*— l)j?*+(2a2+6)j?=fl*. Dividing by a*— 1, 

jfi ^ ^ "*" . ;p^ _ — • Completing the square, 

Extracting the root, *+ 2(^Z7)= 2(?-T) 

•••*- 2(a9-l) '• 

.-..v*+4 4j?-h7 7-« , 3ar+12-4«-7 7-jr , 
(33.) —^-^^—^^l or ^ ^1^3-^> 

that is, ^=^-^. Clearing, (6-ar)(*-8) = 

63-9*— 9d?+27. 

that is, -*8+8*-l6a=:90-18x /• jfa-26*=£-.105. 

Completing the square, ««—26a?+ 18*= 169— 105=64. 

Extracting the root, a?— 13=±8 /. *=13±8sa21 or 5. 

12a 
(34.) \/(5«+«)+^(5a-ar)=^j^^gj^j. Clearing, 

5a+j?+ V(25a»— j?2)--i2a. Transpoang, 

V(25a2-*2)=7a_,, Squaring, 25a8-ip3=49a3— 14ap+«8., 

Transposing, 2«2_14ajp=s_24a* .*. a2—7<M?=—12a2, 

490* 490^ «* 

Completing the square, ar— 7flu? + -t-=-t-— 12a* =j- 

*, . 1^ 7a a 7a+a ^ 

Extractmg the root, *— ^ = j^^ •*• '= — o^ =4a or 3a. 

(35.) «*— 8*2=9 or**— So?*— 9=0. Here it is obvious that 
-e=— 9+1, and that — 9=— 9X 1 : hence (Note, p. 60), 
af8=s9or —1 .-. j?=±8or V—l* 

Otherwise. — Completing the square, *^-^8«'+ 16=25. 

Extracting the root, «*— 4=±5 .•. «8=4±6=9 or -^1 

•••«s4-dor V^l* 
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(36.) 4^— 4jr>=d2. CompletiDg the square* 

j^— 4j?"+4=36. Extracting the root, 

g^2zs±6 /. *»=2±6=8 or —4 /. *=2 or ^—4. 

(37.) !!^*^=i+i. Squaring, (!!f±*I^=(!!f^^ 

• that is, anV + 2a6iir+ «&»== (aV -f So^n + ^jr. 
Transposing, «»^x* — (aV+i^)a:=— aft*. Dividing by eu^, 

«s ^P— X = — -^* Completing the square, 

atr n^ 



an 



[^'■^V 2aii» /-"V 2a«« / "n^-V 2«i2 J- 
Extracting, the root, J— gan* ~^ 2<w» " 

•'• '= ^? = « °'' S?- 

NoTE.-*If in the given equation a be put for x, the equation 
^vill be satisfied: hence, a=a is one of the roots. Conse- 
i uJently, if the equation be freed from radicals, and all the 
terms be brought to one side, that side will be divisible by 
r— a, and the quotient, equated to 0, will give the other root 
(see Note, p. 10) ; or, more simply, if the third term, after 
rendering the coefficient of s^ unity, be divided by a, the 
quotient will be the other root. As shown above, this third 

hi AS 

term will be -- : hence the other root is —s, as confirmed by 

the more lengthy operation above. 

(38.) **— 2*2=3, or ar*— 2j?»— 3=0. Here it is easy to 
see that — 2=— 3 + 1, and that — 3=— 3x 1 : hence (Note, 
p. 10), «2=3, or —1 .•. «=V3, or >/— 1. 

0/AertMf«.— Completing the square, a?*— 2*^+1=4. 

Extracting the root^ «»— 1=±2 .% j?3=l±2=3 or —1 

.'. j?=>V^3, or i/^L 

(39.) >v/(4«+*)4-\/(«^"*)=2V(2«+*). 
Squaring, 4a+a?+2\/(4a+j?)(a+ar)-fa+«=8a+4x.' 
Transposing, 2\/(4a+*)(a-f Jr)=2»+3a•. 
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Squaring, 4(«»+5ar+4a3)=4jf«+12«r+9a». 
TranspoBing, 8arss— Ta^ /. «=—■ Ja. 

(40.) *»-jp'=56. 

I 225 • 

Completing the square, j^— » +^=:56i^=-T-- 

Extrtcting the root, «*-i=i±Y .'. **=^^=8. or -7 
.-. *8=s64, or 49 .-. jr=4, or ^49. 

(41.)«+5=V(a?+5) + 6. TranspoBing, («+5)-(*+5)*=6. 

25 

Completing the square, (a?+5)— (J?+5)*+J=6i=-T• 
Extracting the root, (ar+5)*-J==±|. .-. (*^5)j=i=^ 
• =3 or —2 .-. a?+5=9 or 4 .-. a:=4 or *- 1. 

" (42.) V(2^+i)H.2^^=;^;^ 

; Clearing. 2x4-1 + 2V(2«»+j?)=21. 
Transposing, 2^/(21^ +x)=z20-2x .-. >v/(2a?24:*)=10— *. 
• Squaring, 2j?2 4-a.=:i00-20j?+**. 
: Transposing, x^ + 21d?= 100. 

(2lV 841 
~2 / ^~4" ' 
Extracting the root« 

, 21 , 29 -21 + 29 
«+ 2"=±y ••• *= j=—=::4, or -2b. 

(43.) d?«+20a^=69. 

Completmg the square, af^+20ar*+100=169. 

Extractingtheroot,j^+10= + 13.\«s=: — 10±13=3or— 28 

.•.*=^3, or ^-23. 

a+x a — X 

^^^'^ V(«-^)'*'\/(«+*)~^'^^' Clearing fractions, 

(a+J?)*+(fl-a^)^=2(a3-«^Va. 
Squaring, (a+ir)3+2(aVa?^)'+(a-x)8=4(i(a»-*2) . 
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.-. (a»-*»)'=ii>-5iw«. 

Squaring. («»-^»=ii^- IQa*^ + 25fl«** ; 

that M. i^-3fl*«8+3<i»**-j«=a«-10a*«2-f 26a»45*. 

TraMpoaing, «*+22aV-7ii*«^=0 /. «*+22a*««= 7a*. 

Completing the aqoare, a!^+22a^ii^+ 121a^= 128a^« 

Extracting the root, «8 + lli|2=«»^(64x2)=8fl«>/2 

(45.) *v(i-l)==\/('*-^)- 

Squaring, W-— 1 j=«8— 5>, or op— j^'ss*^— 6*. 

a 0^ 
Tranaposing, and dividhig by 2, tf'— ^^s-^* 

Completing the square, *'""o*+T6^ — 16^* 

£ztractmg the root, df— j= 4 " ' 

Tranapoaing, «=i{a± V(a*+8^)}. 

(46.) {a+l)(j?-l)»=2(jj»+l); 
that is, (fl-hl)**— 2(a+l)*+a-f l=2a?2+2. Transposing, 

(a-l)^-2(«+l)*=:l-a .-. *^-"^£lY^«iEl«-l^ 
Completing the equan, 

Extracting the root. 

Dividing numerator and denominator by \/^+l, we have 
Vfl+1 V'li-l 

*=:;7ai:i.or;^^-:f-j- 

(47.) 4P«-7*+x/(4P«-.7ar+18)=24. Add 18 to both sides, 
then («»-7j?+18)+\/('^-7*+18)=x4a. 
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Completbg the Bqnare, 

169 

13 

Extracting the root, \/<**— 7*+ 18) + J== ±-3 

.-. V<j?«-7«+18)=^=^^i^^=6 or -7. 

Squaring, «3— 7*+ 18=36 or 49 
.*. d?* — 7*= 1 8 or j?2 — 7x=2 3 1 . Complieting the square, 

49 121 , ^ 49 173 
«8-7*+-^=— , or«3— 7x^— =— . 

« . . 7 11 7 V173 

ExtractiBgtheroot»«**^s+Y> w '""^^ 2^ 

7±11 ^ ^ 7+V/173 
/, «=s — g — s39or--2; or jr= ^ ^ • 

<")e)'-=a)'-e)*-e)'=- 

Completing the •quare.^j^ -^-^ +4=4-«=— j— 
Extracting the root. 



iltiplyi 



Or, multiplynig numerator and denominator by 1 + y/(l -'4a), 

— I ^ I X /n «^4ii^ **• '^^^'^'"s^S "^® fractions, 
iq:V(l-4«) \« 
25 /• 



.={) 



125 
(49.) 5*4-57=30 .-. 58'-30 . 5'= -125. 

Completing the square, 5^—30 . 5*+ 225= 100. 
Extracting the root, 5*— 15a=±10 .-. 5*3=15+10=25 or 5. 
Consequently, » must be either 2 or 1. 

(50.) v(«+*)+V(— *)=:;7(^- 
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Multiplying by \/(a+^)» 

Squaring, a^^j^=(b—a)^ — 2(i— «)«+«*. 
Transposing, 2j:*— 2(i— fl)jr=2a*— 6*. 
Dividing by 2, and completing the square, 

/ft-flV C&— a)H4fli-2ft» a3+2fl5-*« 

*'-(^-«)*+(t-) =^—4 =-^^-4 

Extracting the root, 

(51.) **-24?+6v'(«»-2a?+5) = ll. Add 5 to each side, 
then (**-2a?+5) + 6v'(«*-2«+6)=16. 
Completing the square, 

(*8-24?+5) + 6V(«*-2«4-6) + 9=25, 
Extracting the root, 

V(a?2-2^+5) + 3=±6 .-. V(«*-2^+6)=2 or -8. 

• Squaring, a?*— 2a?+6=4, or a?»--2ar+5=»64 

.-. ar2^2*=- 1, or fl?»-2a?=59. 

Completing the square, «2— 2a?.f 1=0, or a?^— 2«+l=66. 

Extracting the root, 

«— 1=0 .••a?=l, or«— l=2v'15 .\x=\±2*^l5. 

(52.) «»(4?-l)=8(*+ 2). or a:8-j!»-&F-16:=0. This is 
a cubic equation ; but, by means of an algebraical artifice, it 
can be readily solved by quadratics. Instances of reducing 
cubics to quadratics will be found in the Algebra, pp. 69, 73, 
&c. The reduction generally requires some ingenuity, and is 
not to be eifected by prescribed rules: the artifice in the 
present example is as follows : — 

From the given equation, j^—(4?+ 4)^=0 
Subtract 16j?— 16a? =0 



There remains dr(a?2— 1 6) — (a? -4)2=0 
^ence the equation is the same as . 

(jr-4){z(dr+4)-.(j?-4)}=0. . 
And as an expression is rendered by equating either of its 
factors to 0, this equation supplies the two equations, 
*-4=0 and «8h-3*H-4=0. 
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From the first of these, we find that d?=4 i3 one of the values 
of 4^ ; . and 4K)inpleting the square in the second, we have 
9 9 7 

„ . , 3 v'-; -34-V/-7 
Extractmg the root, * + «= — o — •*• *= ^% — : — 

These are the two values of x given in the hook; hut, 
besides these imaginary Values, the equation has a real value, 
as shown above ; namely, the value ar=4 : this value, substi- 
tuted in the proposed equation, makes each side of it 48. 

(53.) jr*— 2d:'+jr=ifl, The solution of this equation, like 
that of the preceding, depends upon an algebraical artifice. 
To the given lequation , a^ — 2*8 + « = « 
Add orS.ja -q 



There results («»— «)3— (j!»— jr) =«. 

For convenience, put y foj* *'— ar, then the equation is y^—y^ia, 

4fl + l 
Completing the square, y^— y+i= — r — 

„ . ,. , >/ (4fl + l) J±\/(4a+l) 
Extracting: the root, y— 1= 5 •*' ^^ ^"5 * 

Consequently, restoring the value of y, 

l±V(4a-i-l) 

^ , . . o / 3 + 2>v/(4a+l) 
Completing the square, jt — j?+^5= r • 

Extracting the root, 

, A/{3±2V(4fl + l)} l±v'{3±2>v/(4a+l)} 

'--*=-^ T ' •*' '"^ sT 

Note. — ^As the first member of the equation y*— y=(i is 

the very same in form as the first member of the equation 

just solved, it would have been sufficient, for the solution of 

, , ., , , , , . , l + \/(4aH-!)'' 
the latter, if wfi had merely substituted — = — 5 fora m 

the solution of the former. 

i X h^ 
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Clearing firactiona, 

a? V*{\/'— n/(«-*} +* V*{ '/* + \/(fl-*)}=*(*-«+^) 5 

ab 
that is, 2a?'=2ftar— a6 .\ d?«— &f=-— ^ • 

53 ft2-2flA 

Completing the square, or— Oj?H-j= — ;j — 

b s/(fi^-2ab) b + V (y-Sflft) 

Eztractmg the root, «— 5^ ■ ■ ' .\ xas -=* — 2 

1 3 a t 

(55.) «"•+— ^=2. Multiplying by j?% ar— "s^. i=2« • 

Put y for j^, then the equation is ^ + 1 =2y /. 2y2— y= 1 

.-. y^-^—h Completing the square, y'-iy+ ig^ie* 

14-8 
Extracting^e root, y — i= ±f .'. y^"^ = ^ ^^ ""*• 

Restoring the value of y, ar*=l or ar'=— j- 

1 v^2 ^2 

.-. x=ll=rl. or x=(-.i)l=-T^= ;y8=:T* 

(56.) ai?— 53-ja_2ftV(«'— «*+*^- 
Transposing, «*— op— 26^(0^— «?4-a?^=— ^• 
Adding a^ to each side, 

((^— ap-h*^)-2frv'(a2-arH-«^)=fl2-^; 

or, putting y' for the first term, y^— 2fty=fl*— i*. 

Completing the square, y?— 25yH-52=a* 

Extracting the root, y^b^±u ,\ y=rb±a> 

Restoring the value of y^, 

*3»--a«+a2=:(i±fl)» .-. *2-ap=62+2ai 

Completing the square, j:*— 01?+-^ = -^ '* 

a ^(a^+Sab-^Ab^ 
Extracting the root, * — 2= 2 

fl+\/(aH8fl5+4ft2) 
v. *=s-= o ' 
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(570 9*-3*8+V(«'-8«+5)=ll. 

4 11 

Dividmg by -^3, j^^3jp— gjv^(jr«— a(r+5)= — g • 

Adding 5 to each side, (jf»— 3«+5)— |V(*'— 3*+5)=5^• 
o^, putting y2 for the first term, y^—^y:=z^. 
Completing the square* 

., 4 4 16 2 4 2+4 ^ 2 

y -3y+9='9 •••y-3=±3 ''-y^T =2 °' -3 

Restoring the value of y', 

4 41 

«*— 3ir4-5=4, org ••. «*— 3*= — 1, or — g- 

9 5 83 

Completing the square* jfl'^Sx+-g='T, or — Tg* 

Extracting the root* 

a v'S V-83 S+x/S 9+V-83 
*-2="2"'°'~6~ •••*=— 3— '^"^ 6 

<««•) V *■*" Va" 2 "= xA • 

Midtiplying by V*» \/«+"T7;=*\/(^-^)- 

Squaring, fl + 2* + — =3: 2fl — *. 

Multiplying by <», and transposmg. j^+3iisrv=a^. 

Completmg the square, drH-3a»+'T'=-T"' 

3a a ^ 

Extractmg the root, *+-2 =±2^^^^ •*• '=^1«(3+ \/13). 

(59.) «*-f"3+*H — =4. Add 2 to each side, then 

(^+2-f ;J)+(*+^)=.6; thatis,(*+^)V(*+i)=6, 

25 
Put the first term =if .•. y»4-y==6 .•. y^+y+is-j- 

— 1+5 
Extracting die root; y+i=s±f /. y= — ~-ss-..3 or 2- 
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Bestbring the value of y, j?H — =— 3orjp+-=2 

.•. j^H-3a?= — 1 or J?— 2j?= — 1. 

9 5 

Completing squares, «* + 3j? + t =2 o' ^ 2j? + 1 = 0. 

3 ^b 
Extracting roots, jr-f 2="2" '•'• °' *— 1=0 

-8±v/5 
.'. jp= 2 or j?=l. 

124- 8ji 
(60.) jf= ^_, .•. j?2^5a?— 8a?*— 12=0; or putting y for jt*, 

y4.5y3_8y-12=0....(A), 

ory4-2y24-4y-3(y3+4yH-4)=0; 

that is, y V-.4) + 2y(y + 2)-3(y +a)«=0. . . . (B). 

This equation is divisible by y4:2 : hence one of the roots of 

(A) is y=s — 2. Dividing (B) by the factor y + 2, WP have 

y2(y-2) + 2y-3(y4-2)=0; 
that is, y3-.2y«-.y-.6=0, or y3(y-3) + (y8-9)-.(y-3)=0. 
This equation is divisible by y— 3 : hence another root of (A) 
is y=3. Dividing by the factor y— 3, we have the quadratic 

yHy+3-l=0.\y8+y=— 2. 
Completing the. square, 

y^+y+i=-4.--y+i-^^ ••.y= — =y^ — -* 

Restoring the value of y, 

-l + v/-7 l+2v^-7-7 -3+^-7 

. ^ = — =^— .;-.*=-^-T = "2 ■ 

And these are the two roots given in the book: but the 
equation has the two additional roots d?=(— 2)' and jf^d^. 

Note.-— Although an equation, like that just solved, may 
have simple integral factors, it is often troublesome to find 
them ; but as the whole number forming the second term of 
every such factor must be a divisor of the whole number 
forndng the final term of the equation, we mav always find 
that second term by taking for it one or other of the integral 
factors of the final term of the equation. In the present case, 
2 and 3 are thg factors of the final term 12, which will be 
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found to answer^ the equation being divisible hj y+2 and 

(61.) v/(a^+l)-^(*^-l)=:7(^)- 
Squaring, 2d?2-2>/(ar*— 1)=-4^- 

Transposing, 2^(j?*— 1 ) = 2^?^ "".^SUl ' 

4a?* Of* 

Squaring, 4(j?*-l)=4a:*~^43i + (^^i):> 

'• af* 4;g* 

Clearing fractions, or*— 4ar4(a?4— 1) = — 4(jj8_2ar4H-I) 

2 2 

.-. «*+4j:*=8af4-4 .-. 3af4=4 .-. ^=773 .'. ^= ± V-^g- 

Note. — Although the double sign is here, and in some 
other places, prefixed to the radical, it is well to apprise the 
learner that this prefix is superfluous, since the radical sign V 
implies that the result of the operation which it indicates may 
be either + or — •, when there is no overruling condition as 
respects the generation of the quantity under it. In such a 
case as \/(— a)*, or \/(+fl)^ the result of the operation is, 
of course, unambiguous, it being —a in the former case, and 
+ a in the latter. 

(62.) a?8-6j?-4=5 .-. iF8-6a?-9=0. 
This may be written thus : (d?»— 27) — 6(j?— 3)=0 ; 
or (jr-3){(af» + 3^+9)-'6}=0. 
And this equation is satisfied for either 

ar— 3=0, or j?2H-3a?+3=0. 
From the first of these, we infer that one root is a7=3; the 
ether, by transposing, is ir^+3a?=— 3. 

9 3 
Completing the square, j?*+3j?H-2=— 7* 

^ . ,^ 3 ^/-3 —3+^—3 
Extractmg the root, ar +^=-^^-^ — .-. a?= "— • 

H^ce the roots are 3, or =^ • ' 
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O 1Q 

(63.) ar*=-4-— • Clearing fractions, Q**— 13x— 6=0, 

which may be written thus : xCQ**— 4)— 3(3j?-|-2)=0. 
Hence the equation is (3jr+2){j?(34?— 2)— 3}=0. 
which is satisfied for either 3*+ 2=0, or 34?^— 2*— 3=0. 
From the first of these, we infer that one root is x= — |. 
The other, by transposing and dividing by 3, is jj*— |jr=l. 

2 1 10 
Completing the square, ^--3* + 9='9"* 

„ : . 1 vio i±\/io 

Extractmg the root, jr— g= g .•. a?= g 

„ , 2 I + VIO 

Hence the roots are j?=— g,or-=g — ' 

(64.) a«+2v'(»*^+«w*)=C3*-l)». 
Transposing, 2\/(«*jp+jmw?^=3im?— (ji+ar). 
Squaring, 4iM?(« + ttr)=9ii»**— 6nj:(n+adr) + (jiH-ar)^. 
Transposing, (n + flu?)^— 1 OiMr(ii + cu?) = — 9iiV. . 

Dividing by «V, ('^y-lo('^)=-9- 

Put y for the second fraction, then y^-»10yss — 9 

.•.y»— 10jf + 25=16. 

Extracting the root, y— 5=4:4 .*. y=l or 9 

n+ojr 1 a ji— c a 9«— a 

••• "T^ =1 or 9 .-.-=1— ^=— -,or9---=— — 
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(66.) 2{V(i->+i}=:7(T^^rr- 

This equation is the same as 2{lH-\/(^""^)}=^ //iV \_] * 
Dividing by H-\/(l ""*)• 

.-. 2V(l+^)=3-v'(l-*)- 
Squaring, 4(H-jr)=9— 6V(l-d^ + l-*. 
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Transposing, 6a/(1— j?)s=6— 6a?. 
Squaring, 36(l-Jf)=r36-60*+25«* /. 25«»-24ar=0 

24 
. '••'^26- 

(660 (*-i)2«+SA»ir=8*+H2+**-^') + 2(x-6)«+»/ 
Transposmg, (jr— &)2»—58*- 2 (jr— J) {(*•-*)»- i*>=0. 

Here it is plain that («— 6)*— 6* is a factor of the equation : 
hence (see Note, p. 10), 

(*—*)•— 6*=0 .*. X— *=i .-. a?=2ft. 
This, therielbr^ is one root of t^ prq)0B)ed equation. The 
roots which render the other factor zero are not determinable. 

(67.)(.-~)=-2-(p+l) 

or nwtttiplying by**, («»— «»J)»i:^(o+*)(o»+«»). 

Subtract n(a+b)(t^—ab) from each side, then 

(;(»_aJ)»_|(a+J)(,»_«6)=|(8+J)(a»+a6)=j(a+*)». 
Add(^±i>; ... {(*.-aS)_|(a+*)}^=?f(a+*)« 

.•.^-6-^=±f(a+J) 

.•.a^=fli+|{a-Hft±3(a+6)} = 2d^+a«or2^ 

/aft— fl» 
••. *= V(«*+ 2ai) or ^ -y-- 

(68.) af4= - 1 . Add 2i?2+ 1 to eath side, then 
jr«-|-2«2+l=2j!» .-. *«+l=V2.« .-. ^"^ V'a.*=-1. 

Completing the square, j?*— i^2 • j?-Hi^=s— |-. 
Extracting the root, *— Vis= -•— t .'. ««+ Vi±\/— ♦; 

that IS, xss-™ — \/4 ' " • 
(6».) ^— 2x»*+«»=f€l Pte y for i!», then 

e2 
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Add y2 to e&ch side, then y*— 2y»+y^=y*— y "1-6 ; 

that is, (y^''y)^.=^(y^-y)+e .\ (y^-yy''(jf^-y)=e. 

25 
Completing the square, (y^— y)^— (y^— y)+i=-5- 

Extracting the root, y*— y— i=±i •'• y^—y^^* or —2. 

, 13 7 

Completing the square, y^-^y +t='4'» ^' ""4* 

... y-i=iv/13, or iA/-7 /. y=i±i\/13, or i±W-7 
... ^y=x=.^(i±iVl3>or V(i±W-7). 

(70.) {(*-2)3-a?}2-90+Jf=(*-2)2 
... {(;p-2)3-*}»-{(i?-2)«-a?}=90. 

Put y for (j?— 2)*— J?, then tiie equation is y^— ys=90. 

Completing the square, 

^fil 19 

ya-,y + ^=:_-...y-J;=4:-^ .\ y=10, or -9. 

... (,-2)2-af=10 or -9 .-, (j.-2)»-(ar-2)=12 or -7. 

49 27 

Completing the square, (a?— 2)2— (j?— 2) + i= 4- or — ^• 

7 3 

5±3x/-3 
,.. j?=:6, or —I or ^ * 

(71.) V(l+^)»-vTl-^)=v^O-^)- 

Divide by (^l-a?)3, then (ii:ij"'-l=Vr:ij"' 

Put this fraction =yi then 

5 1+V5 

y2-y=l .•.y2-y+i=;4 /. y-i=±i^5 /. y=-"^— 

.'. y"'=XZr=( "2 ) • '^^°' applying the principle 
established at page 87 of this Key, 

(l±V5)'»-y" 
' *"(1±n/5)"»+2«' ■ 

(72.) 8**+4iF8-18a?»+njr— 2=s0. Divide by J?+2, the 
quotient will be 8«'—12d^ +6^7-1, which is a complete cube» 
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namely, (2a')«-3(24f)8+3(ar)-l=(2*— 1)» (see Algebra, p. 
38). Consequently* since the proposed equation is the same 
as (*+2)(2df — 1)*=0, it is satisfied by either 

j*+2=b, or (2j?— 1)=0 .*. j?=— 2 or \. 

(73.)4^-2a-5(..+|)=-g.-.4(x2 + ?^')-5(..+|)=20 

Add 4x6 to each side in order to make the first term a 
complete square, and there results 



^G+!T-K^+!)=^^- 



3 5 

Putting y for *+". and dividing by 4,y3— 2y=^^' 

5 25 25 729 

Completing the sq^^arCt y^—4y + 54=11 + 54 =-e4- 

« . , 5 27 5 + 27 "11 

Extractmg the root, y — g=±"g- •'• y=~^ — =4 or — — 

3 , 3 11 

.•.*+-=4,or*+-=^j 

.'. «*— 4j?=— 3, ordr*+-j-ar=:~-3. 

Completing squares, 

, 11 /IIV 121 71 

4^-4^ + 4=1. or a:«+-4-* + (3-j =-g^-.3=-g5. 

^ . « , 11 v'-71 

Extractmg roots, j?— 2= + l» Q' *"^'8"~ — 8 — 

.•. a:=3 or 1, or g • 

(^^•) ^+^=4(;^- ^'"'^^^^ '^'^'-'^'' 

17 
then 8 + 2(*-4)8=17(ar— 4) .-. (^— 4)»— 2-(*-^4) = -.4. 

Completing the square, 

vo 17, . /17V 289 , 225 
(.-4)2-^(^-4) +(-^) =16 "^=T6 • 

Extracting the root, 

17 15 , 17+15 _ ^, 

J?— 4— j-=±-^ .'. *=4+ — ~-=12or4i. 
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(75.) «^+4*»+ar*+4j?+l=r0. Thia ia a f£oiprooal ^na- 
tion (see Appendix to th^ Algebra, p, 179). Pivi49 by ^, 

4 1 

then j?»+4j?+3+-+p=0; 

that is, Lfl + ^) + 4(x +- j + 3c=:0. 
Now, since (*+;-)^=«* + ^ + 2 .'• **+;?=(*+j7-2 

.-, yH4jr+4=3 /. y+2=± v^a .-. y=— 2± v'S 

.•.af+^=-(2-A/3).or*+-=-(2 + V3)' 

/. jp3+(2-^8)ar=-.l, or «2+(2+^3)ar=-l. 

(2r-^3Y 3+4^3 
-X— 1 33. ^^ 

o ,« /«x . /2+^/3V 3+4V3 

Extracting the rgots^ 

2-V3 ^(3+4^/3) 2 + V3 >/(3+4V'3) 
^+—2^= J >or*+— 2--=JU-*| 

-^2±^/S±^/(ST4^/S) 



•'=— 2 



(76.) (fl2«+l)(*»-l)2=2(x+l), 
or («*-» + l)(a?-24/4r+l)=?2a?+2 
.-. (fl^«»-l);F-2((48»»+l) v'*=-(a2"»-l) 
^^~ + l , 

Completing the square^ 

fl^">+l 2a*<* 

Extracting the root. i/'-j2^i:x=±^i;d: 

a8mj,2fl'»+,l (fl^j:l)» _ fl^4:l /fl"»± 1 V 

•••V*-- ^^_^ -flS*-! a«+l •'•'-Vo-i+lJ" 
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(77.)(i^-9)'-3=ll(«8-2) .-. (i*-.9)*-ll(««-2)=3. 

Add 11 X 7 to each side, then («»-9)«-ll(*2-9)=80; 

121 441 
orputtingyfor«»-9,y3— lly*=80/.y2-iiy+— -=— . 

„ . , 11 21 11 + 21 , 

Extracting the root, y— 5'=s+^ .*. y= — ^ — =16, or —5 

,\ d?8=25, or 4 .•. 4r=+5, or ±2. 

(78.) V{'+\/(2*--l)}-'v^{*-\/(2^-l)}- 
!0« 



BV* 



^ ^, ,v 9 IOj? 

Squanng, 2^^2(^-l)=^. ^^^^^^^^ 

•*• 9 *-hv^(2;p-l)' 

Dividing by 10, and reversing, 

9_«jV(2*-l) 9 a/(2j-^) 

6"" « -'-S""^"" IT 

4 16 

.•. ■:r*=/>/(2j?— 1). Squaring, ^jf»=2j?— 1 

60 25 50 /25y 225 

„ . , 25 15 25 + 15 5 5 

Extracting the root, *""f6=±T6 '*' *^ — 1^~2'^'8' 

Squaring, 2ar— jf*=:fl'— 4ar+4** 

6 a' 

/. 5j?*— 6(W=— a' .*. af^-^adr=— r« 

6 9 4 

Completing the square, «*— tot + 57 «' — 05**' 

3 2 3+2 a 



, * — a -s i 5* •'• *='-T~fl=«» or T- 
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*^— 18 4 
(80.) — ZTo ~5* Clearing fractions, 

d:4-iap8 = 4* -48 
Adding . 4^+49=4*« +49 

jr*-.14jf«+49=4^+4*H- 1 

that is, (af9-7)«=4(;F+J)« .-. ^-7=±2(;F+i). ... (A) 

* .-. x3^-2d?=8br^+2ar=6. ' 

Completing squares, «2— 2j?+l=9ordr2+2a?+l=7. 

Extracting roots, a:— 1 = + 8, ordr+l = 4: \/7 

.'. a?=4, or —2, or 4?=— 1 + \/7. 

NoTE.T-The learner will perceive that we have prefixed the 
douhle sign to the right hand member of the equation (A), 
and not to the left. It would have been incorrect to do other- 
wise, for this reason ; the square root of (**— 7)^ is exclusively 
0?^— 7, as the correct square root is exhibited by simply ex- 
punging the exponent. In like manner, the correct square 
root of (*+i)^ is exclusively x+i^: but \/^ is ambiguously 
+ 2 or —2, and it is to this square root alone that the double 
sign above apphes. Had the 4 presented itself in the example 
under the -form 2*, or (— 2)^, there would have been* no ambi- 
guity as to the sign of the root : in the first case it would 
have been +, and in the second. case — . (See the Note at 
p. 73).^ 

/x+4\' 12 
(81.) J?+4+f ^^3^ j ==Ji:4« Multiply by ar— 4; that is, 

by (a?-4)*(ar-4)», 

thenar2«i6 + (aj2_i6)i-.i2, ory^+y-ria, 

by putting 4?^ — 1 6 =y' 
49 7 

.-. y*+y+i=-4- .-. y+i=±2 •*• y=3, or=-4 

.-. y2=^-.i6=9 or 16 /. ^=±5, or V(16x.2)=4v'2. 

(82.) (ar+ 119)»+(70-4?)*=9. Cubing each side (see 
p. 38, Algebra), 

(i?+119) + (70-*)+3x9(*+119)H70-*)»=9«; 

that is, 189 + 3 x9{(*+119)(70-ar)}»=98. 
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Dividing by 3X9, 7+{(;f+119)(70-^)}»=27 

.-. (a? + 119)(70-.*)=208=8000i 

that is, 4?2+49j.-8330=— 8000 ••. ai^-^49x=iZZ0. 

Completing the square, 

., .« /49V . 2401 3721 
^+49i?.+^-2 j =330+-j-=-^. 

Extracting the root, 

'49 61 —49 + 61 
x+-2-=±-2" .'. *= ^ — =6, or —55. 

(83.) ar^+^s— 4a?»+j?+l=0. This is solved like example 
75: thus — 

Divide by j?2, thenjfl'^x^4+-+-^=:0i 

. that is, (** + p)+(*+-)-4=0 
Add 2 to each side, and transpose* 

••' (*+;) +('+i)=^' or y8+y=6 
25 5 

.-. yHy+i=:4- •*• y+i=±2 •'• y=^' ""^ ""^ 
1 1 

.•• a?+-=2,orj?H — = — 3 

/. j?3-2j?=^1, or j^+3x=:-l. 

9 5 
Completing squares, «*— 2j?H-l=0, ord?*+8a?+4=7* 

^ . 3 V5 

Extracting roots^ a?— 1=0, ora?+2=± ~o" 

-3±V5 
/. dr=l, or ar= 5 • 

(84.) 2a?24.^(j?2-|-9)=«*— 9. Subtract «» from each side. 

then j^ + V(*^+9)=**-(**+9)- 
Dividing each side by the first member, then 

l=^-V(*^+9) /.a?«+9=±(r«-l)8=**-24?2+l 



9 41 



e5 
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, 3 V41 /3+>*/41 



-V- 



2— 2 ••*^'V 2 
These values of 4r satis^ tlie eqaatm after the diTisioa of it 
by the factor a^-^yy^x^-^S). Equating tfaia to avto, to get 
the other Talues, we have 

(85.) (fl+;F)>v/(«|3+«a)=6(fl-»)2 

Squaring. (a+a?)2(o«+«8)=36(a-*>«; 

that is, a*+2a»ar+2aV+2ar»+jr*= 

36a« - 144as«+ 2 lea*^'-*- 144ai^-h 36««. 

Tranposing, 35jr*— 146ar*+214fl2jr*--146a»;r+85a*=0; 

or 35(**+fl^)— 146a(«'+fl«*) + 214o«j»=0. 

Dividing by *^, 

35(*8 + ^)- 146</*+i- W214a8?=:0. 
Adding 35 X 2a^ to each side^ and remembering that 

^+2«Hp,=(x+-)' 

35(0?+—) -146fl(j?-f-^)+?14a9=70a^ 

o 146a 144^ 
or 35y2- 146fly=s- I44a» .-. yS — gj-y s; gg— 

Completing the square, 

^ 146a /73aV 53290^ 144a» 289a»^ 
y^— 35"y + V"35"/ ="352^-""3r="35^' 
Extracting the root, 

73fl 17fl 73a±17a 18a 8a 

y— 35"=±"3F •••y=^ 35 =T*^'T 
a» 18a a' 8a 
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Completing squares, 

„ 18fl 81fl« 32a« ^ Ba IGifi 9<r» 
*^-" r' + "49'="4Sr' ^'*'-5'+"2r=~25- 
Extracting roots, 

9a V(16x2) 4fl 3 , 

*-y=± y a,or«— ^=goV— 1 

9+4^2 4+8-V/-1 
.*. «=-=y^— fl, or «=-^=-g «• 

(86.) («+3)2-2(«»+3)=2*(j?+l)« 

Transposing. («+3)2=2{(d?8+3)+*(*+l)2} 

=2{«» + 3*«+j?+3}=2{*»(*+3) + (*+3)}. 

Dividing by *+3,*+3=ar*+2 .'. 2jc»-*=1 

1 ^3 1±3 ^ _ 

-•• *-4=±4 •'• *=s-^ = l or -i. 

And-^qnating the factor «+3 to zero, we have also «= — 3. 
(«^-) ?T4;+?ii=H; thatis,^+^=li. 

Clearing fractions, 8(jr-3)+8(jr+4)=9(*+4)(a'-3) ; 
that is. 16jr+8=9(«»+jp-12) .-. ftr»-7«=116 

7 _116 7 /_7^V-^^^ 49_4225 

.•.r'.-^*- J •••**-9'+Vi8y- 9 "*"182"" 182' 

Extracting tiie root, 

7 65 7+65 2 

'-T8=±l8 •'• '="18"=^'^'^ -^9' 

(88.) «»-3j?*-9j?»+21af«-10jr+24=0. Divide by ««+l, 
the quotient is «*— 3^?^— lOjr+24, which may be put in the 
following form : namely^ 

jr(««-4*+4) + (*2_l4r+14) ; 

that is. jr(jr-2)»+(*-2)(jf-12), 

or (*-.2){jr(jr-2) + (x-12)}, 

or(j?-2){«3-a?-12}. 

Hence the proposed equation is the same as 
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(jr«+ l)(*-2)(j»-«-12)=:a 

which is satisfied for either 

j»+ 1=0, *-2=0, or j»— jp— 12=0- 

Taking the kst equation, we have 

49 7 

*2-;P=:12 .-. j»-.*+i=-;f .-. «— i=±2 -•. Jr=4 or -3, 

The other two equations give *= + a/— If and *=2. 

*«+l 1 *-l 



(89.) ^ -^g. ^,-4i. 



or 
Subtract 2 from each side, then 

Completing the square, 

J_ J__49 _J . _7_ _^ -3 

y ^^5^ +20-20 •'•y"2V5'"-2V5'''^"V5^' v^5 
1 16 ^19 

o 26 „ 19 

•'. jr— T-J?= — 1, or jr— T-jr= — 1. 

Completing squares, 

„ 26 /18V 144 , 19 19V 261 

^-T'Hv='26'^''"T'-*^ io;=ioo- 

„ . 13 12 19 3a/29 

Extracting roots, a? — -r- = + -r- , or jr— Tq= + ,q 

, , 1943 V29 
.«. jr=5, or I , or — =j^ 

(90.) 16(x8 + 2)'+;^^J:^=32jr2+48. 
Add 1 6 to both sides, then 

16(0^2 + 2) +j^^^^'\'ie=^Sn^'\'2). 

4 

Put (ar2 + 2)*=y. then 16y8+-+16=32y« 
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.M6y4-32y«+16y + 3=0....(l). 
Divide by 2y-3 .\ 8y8-4y2-6y-ii=0. 
Divide this by 2y+ 1 .-. 4y*— 4y— 1=0. 
Hence the equatioh (1) is the same as 

(2y-3)(2y + l)(4y2-4y-l)=0; 
which is satisfied for either 

2y— 3=0, 2y+l=0, or 4y2— 4y-l=0. 
The two former give y==|^, and y= — J-* From the third, 

y2^y=i...yS-y+i=i.-.y-i=^ /. y=— ^• 

9 1 ■ 3+V2 

Consequently, j?2+2=2. or j?2+2=2, or «*4-2=-=t — 

1 1 x/-7 -5±V2 . 

• • *= V4= ±2' °' '=""2~ ' °'' *~ 2 

The first of these is the only value of x given in the book. 

(91,) r8«-«=^+ 1. Transposing, «2«- l=a(l +^) 
that is, jf2«— x"*=a .-. j?2«— j:«+i=fl+^ 

.-. ^-i=V(«+i) .-. J?= v'lii V(«+i)}- 

(92.) *<— ar8+10*2^24jr+5=0. Dividing by j?-5, we 
have *»— 3jr'— 5j?— 1=0; 

that 18, (ar»+ l)-3x(j?+ 1)-2(*+ 1)=0. 
Dividing this by jr+ 1, 

jJf-.a:-hl-3*-2=0 .-. ff8-4x-l=0. 
Consequently the equation is the same as 

(*-5)(d?+l)(*2-4ir-l)=0,. 
which is satisfied for either 

jr— 5=0, orj?+l=0, or*2— 4*— 1=0. 
The first two give x=5, jr= — 1 ; and from the third, • 
«2-4*=l .-. «2_4^4.4-5 ... -p— 2=V5 /. ir=2± a/5. 

1+r^ , . 1— iP+^ ' 

(53.) jq:^=i; that ,s. 71+^=* 

.-. 3(l-*H-«2)=H-2a?+«« 
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(94.) ^-^-^+ 2(«-a) = ^+ 1. Multiplying by V*. 

(«-a)»+2(*-o)V*="''+V*- ■^'^'' « to each side, 

.-. («-a)»+2(«— o)V'«+*=<»*+\/*+*' 

that is. (»-a+ V*)'=«»'+*+ ^*- ^* *+ V«=y. tJ""* 

(y_a)»=y+o« .-. y»-2«y=y .'. y-2o=l .'. y=2a+l 

.-. *+v'*=2«+l ••• *+v/«+i=2a+f 

.-. V*+i=V(2«+i) ••• *={-i±V(2«+i)}'5 

that is, «=2«+|± V(2o+f). 

^Q.5^ /r^ n+f^^^=^=^i:^^i^. Multiply the 

terms of the first fraction by ^(*-l). and those of the 
second by >/(*+ 1)» '^^"^ 

,/. ,v_LJ?^£i:li— ^^^-^. Clearing fractions. 

••• *-2=~2~ •'• *~ 2 * 

(96.) (1+«»)(1 +*»)(! +*)=30^- By actually performing 
the multiplications, and transposing, we have the reciprocal 

equation ^^^^jp4_28«»+««+*+l=0 

.•.(««+l) + («*+*) + (**+«^=28*»- DivWel'y**' 



or 
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that IB. ('+j) {(*+;/+(*+ j)-2}=8«' 
by adding and subtracting 3. 
Now it is seen at a glance that this equation is satisfied for 

j?+-=3 .•.««-3*=-.l .-.^S-S^-l-fsl 

9 4 4 

•'• ^""2"" 2 •' *~ 2 ' 
These are the values of x given in the book. To find the 

other values, putr-f '"ssjr; then* dividing 

y'+y*— 2y— 30 by y— 3, we have for quotient 

y*+4y-hl0=:0 .•.y2+4y=-10 

... y34.4y+4-._ 6 ... y + 2=:V-.6 .-. y=-2± V-6 

••.x+- = -2±-/-6/.*H(2+A/-6)df=-l 



2+A/-6 /-3+2V-6 
^H- 2~ = V 2 



*= o- ±aJ' 



(97.) •2+~ -17a?=8. Multiplying by 2. 

0:* + --g- - a4;p= 16 /. jp4+— ■=34*H-16 ; 

i7* /17iPV 

that is, a:* + -0-0?^= 34* -1-16. Add f -7- I to each side, then 

^*+-2-x2-h(— ) -(-4-) +34^ + 16. 
Extracting the square root of each side, 

^ + ^'=±(^+4) ... ,»=4. or ,»+^'=-4. 

From the first of these, we have jf= + 2. From the second, 
we have,, by completing the square. 
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17. 
2 



„ \1x /17V 289 225 



Extracting the root, 

17 15 -17+15 

These are the values giyen in the book. The other two values 
arej?=±2. 

(98.) ^(a^^-23)=10x(*9-24)-h649 
.-. a?*-10j^-23a?34.240j?-649=0. 
Extract the square root of the first member : thus^ 

*^— 10«»— 23«9+24ar-649(«»-5j?— 24 

-.10^+25«« 



2x^-10^-24) ^4ar«+240x-649 

-48x2+240^+576 



— 1225=-35^ 

Consequently, if 35^ had been added^ the first member of 
the equation would have beeu a complete square; namely, 
(x^— 5x— 24)2 . therefore, the equation is the same as 

(^-.5^-24)3-353, . 
or {(x3 - 5^-24) + 35} {(«3-5«- 24) -35} =0, 
which is satisfied for either 

x3-5x+ll=0, or ff3-5*-59=0 
/. ^—bx^ — Wy or«3_5^=59. 
Completing squares, 

^ « ^25 19 , ^ ^25 261 

„ . , 5 5 + V-19 5 3^29 
Extractmg the roots, x— »= "" o > or j?— 0=^ ± 

10+V— 19 5+3V29 

•'• ^=^^ ,orx=-^=-2- — • 

The second pair of values are those ^ven in the book. 

Digitized by VjOOQiC 



2 



ADFBCTB0 aXJADRATICS; 89 

(99.) (^^j)8 + (i_;c)» =<'' Clearing fractions, 
(l-*)'(H-j?») + (l+^Al-«»)=fl(l-*»)^ 

that is, 2 + &F3--a??(6ir+2^)=fl(l-;F?)8 
or 2(1 + 3^-3jr*-J?«)=2{(i -df^) 4- 3a?2(l -«2)} =a(l -;r2)8. 
Dividing by 1 — «*, 

2{(l+«8+a^) + a^8}=2(l^-4^+*^)=fl(l-«2)^• 
that is, 2(1 +4^+jr4)-,a(i_2a^+a:*) 

.-. (a-2)a:4_2(a+4)^=2-a /. ** — ^32^^=-l- 
Completing the square. 



^__2(a+4) 



-2. /«+4Y. /a+4Y 12(a+l) 



fl-2 

Extracting the root, 
^ a+4 2V{3co + l)} /«+4±2V{3(a-hl)}\i 

^-i:r2= — ^=2— ••' ^= I ^=2 J 

NbTE. — This example may be treated a little differently by 
simplifying the fractions at the outset ; that is, by expunging 
the factor 1+^ from the terms of the first, and the factor 
l—x from the terms of the second fraction. 

(100.) j?+7v'j?=22, or putting y for ^s, y« + 7y=22, 
which equation is obviously satisfied fory=2 : hence, dividing 
y*-|-7y— 22 by y— 2, we have for quotient 

y« + 2y+ll=0.-.y2+2y=-ll .'. y8+2y+l = -10 
.•.y+l=\/-10.-.y==-l±-/— 10.-.^={-l±V-10}». 
The other value of x, derived from the equation y— 2=0, is 
0^5= v^2. 

(101.)V^;7^-|- Pat y for V*. then y--l^=^ 

Clearing fractions, y^— 2y»— 7y^— 8y+16=0.. .. (A); 
that is, y»(y2--2y4-l)-8(y2+y— 2)=0. 
Each of these two terms is obviously divisible by y^ 1 ; hence, 
dividing, we have 

y^(y-l)-8(y + 2)=0, ory8-y2-8y-16=0; 
that is, y(y2— 1 6)^(if^^ ^+16) =0. 
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The first member is evidently divisible by y— 4, the quotient 
being y(y+4)-(y-4)=0 

...y8+3y=-4.-.y8+^+~-| 

3 V-7 ^ -3+V-7 

•••y+2— 2 .'. y— 2 
Hence all the roots of the proposed equation are 

/-3+V-7V 2+V-7 

Otherwiae* — Extracting the square root of (A)^ we have 
y4_.2y8_7yB_8y-i-16(y3^y + 4 

^'-y)"^2y»-7y« 
-2y»4- y^ 

8y2-8y+16 

~16y» 

It thus appears that if 16y^ were added to the first member of 
(A), that member would be a complete square; hence the 
equation (A) is the same as 

(y»-y+4^»-16y3=0 

... |(y2«y^.4)+4y}{(y3-y+4)^4y}=0 

.•.y2+3y+4=0, ory2— 5y+4=0 

9 7 25 9 

.•.yH3y+4=-4, ory»-5y+^=^ 

3 ^-7 5 3 

.•.y+2=— 4— '°''y~2=±2 

-3 + ^-7 5 + 3 , ^ 

,-. y= =^ ,ory=:-2- = l 0^4, 

which are the four values of y determined above. 

72 
(102.) jr*V*+2j?»+35j?V*+34=j^* 

Put x\/x=y, then y^=^jfi, and the equation becomes 
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72 

y8 + 2yH35y+34=y 

.-. / + 2y«-f 35y«+84y-72=0. 
Extract t}ie square root, 

y4+2y»-i-35y2+34y--72(yHy + 17 

2y2+y) 2y»+35y« 
2y3+ y2 

2y2+2y+17) 34y3+34y-72 
Wy3+34y+289 



-361 = -193. 
Hence, if 19' be added to the first member pf the equation^ it 
will be a cemplete aquare ; 

.-. (yHy+ 17)8-193=0; that is, 
. t(yHy+17)+19}{y3+y+17)-19}=0 
.'. yHy+86=xO, or y2H-y-.2=0 
143 . ,9 

/. yHy+i*-- 4-, or y«+y+i=4 

V-.143 , 3 

.•.y+i= — 2 — •^^y^-ir=±2 

-1 + ^-143 -1 + 3 , 

.•. y»-- 5 ,ory= — q=^»1 or —2 



r=y'={ 



-1 + ^-1431 « 

=-| |*orjr=l,or^-4. 



Note. — ^This method of solution, which is the same as that 
employed in examples 98 and 101, deserves attention, as well 
on account of its novelty, as because of the ease and expedition 
with which it enables us, in many instances, to decompose an 
equation into two others, each of half the degree of the ori- 
ginal. The object aimed at is to give to the partial square 
root, or what may be called the imperfect square root, such a 
form, that the remainder at which the operation stops may be 
either a complete square or a mere number. In example 101, 
this is effected by putting 4 for the final term of the imperfect 
root instead of —4, as the hackneyed method of extracting 
the square root would direct : but it is plain that what is here 
called the imperfect root admits of an endless variety of forms^ 
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as well as of the form usually fixed on^ each form giving rise 
to its own peculiar remainder. Whenever a form can be dis- 
covered that will render this corresponding remainder a square, 
or a number, the decomposition of the equation mav be 
effected, as in the examples referred to, the factors of it being 
the imperfect root + the square root of the remainder after 
changing its sign. 

Quadratic Equations, with two on m6r£ 
Unknown Quantities (Page 88). 

(1.) a?3-f y2=20. l By adding and subtracting, 
j?34-y'^ = 12. J 2x2=32 and 2y^=8 

.•.dr=-f4, y= + 2. 

(2.) X +y =6. 1 Squaring the first, 

Subtracting the second, x^ -f ^3=26 

2xy =10 
Subtracting this from the second, d?^— 2a?y+y?=16 

.'. a?— y=+4; also, a?4-y=6 .'. a?=— ^, y^—g— * 
that is, jr=5 or 1 ; y=l, or 5. 

(3.) a?2-|-y2=10. "I Squaring the second, 

X -y =2. J a?3— 2ay4-y^=4 

Subtracting this from ae^ + y* = 1 

2xy =6 
Adding to the preceding, jr^ + 2ary -f y^ = 1 6 

2+4 —2+4 
.•.a?+y=+4; also, a?— y=2 .'. 4?=— g-, y= — g — »* 

that is, d:=3 or — 1 ; y=l, or —3. 

(4.) x^-{-y^=2b. 1 Squaring the second, 

d?+y=l. / a?2 + 2ay+y3= 1 

Subtracting the first, x^ +y^= 25 

2jy =—24 

Subtracting this from the preceding, a^ — 2xy +y2= 49 

. , , 1 + 7 1 + 7 

.-. a?-.y= + 7; also, a'+y=l .•. ir=-y-,y= -^-J 

that is, ar=4, or ^-3; y=— 3, or 4. 
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(5.) «2— y^5= 16. 1 Dividing, the first by the second. 
X +y =8. J jr— y=2, also «+y=8 

'8 + 2 8-2 ^ ^ 

.•. «=— ^, y=-y^« .*. af=5,y=3. 

^6.) « — y =1. 1 Cubing the first, 

*»-y8=19./ a?8-y»-ary(j?-y) or «»— y8-3iy=l. 

Subtracting this from the second, 3jry=18 
/• 4^=24, also from the first, j?^— 2dry+y^=l 
Adding 4jy =24 

.-. a?+y?=±5, also*— y=l d?*H-2jy+y2=25. 
.•. «=3 or —2, y=2, or 3. — 

(7.) j^+y*=189, 1 Add 3 times the second to the 
«ay+iy3=i80. jfirst, then 

Jf»+y»+3^(jfH-y)=r729; 
that is, (j?+y)^=369 /. a?+y=9 .•. (j?-i-y)8=8l 
From the second equation, 

(af+y)jy=180 /. 9iy=180 .% 4jy=80 

.-. «— y=±l, also d?+y=9 .-. (j?--y)2=l 

/. «=6, or 4 ; y=4, or 5. — - — — 

(8.) 1 Od? + y = 3jy . "I From the second, y = j? + 2, 
y— d7=:2. J Substituting in the first, 

lljr+2=3«*+&r -'.'S**— 5jr=2 

5 25_2 25_49 

5 7 5 + 7 ^ 1 

... *-g=±g .% *=-|-=2,or -.5 

'^ /. y=a:+ 2=4, or g' 

(9.) «»+y»+J?+y=18,l Adding, 

ary=12.7 (a?+y)»-h(af+y)=30 
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,•. «-f ys5, or —6 .-. (j?-f y)'= 25, or 36 
alao 4xy = 24 24 

.'. (*-y)'= 1 or 12 
.-. (jr-y=: ±1 or ±2^3 
alao *+y= 5 or —6 

. r« =3or2, or — a + v'^ 
'•\y =2or3, or-3+v^3 

(10.) a?V +y^= 10' t From the first equation, 
ay<+y=4. / *y=10-y« 



From the second, *y = 



(4>-y)" 



y* 



/. 10— y^as f-^ .-.y*-- icy +y»--8y+ 16=0. 

This may be put in the foUowmg form : namely, 

y*(y2-l)-.9yV-l)-8(y*+y-2)=0. 

Each term of the first member is obviously divisible by y^l ; 
hence the equation is satisfied for 

4-y 
y-l=0.-.y±=l.-.jr=-pi==3. 

i\l\ li? — flS.l Multiplying the two together, 

that is. J»«5;(a«+ 1). y=^(^- 1\ 

(IS.) 9«2=4y'. 1 From the first, &r=2y. 

3«y+2«+jr— 485. jSnbstitttting in the second, we 

.4 . , 7 486 

have ay^+jjr+y =485 .% y»+gy=s-^ 

7 /7\» 84969 7 187 
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-7+187 , 2y 7 

•••y= f^ =15,or-16i^/.«=-|=:10. or —10^. 

(13.) d?8+y3-.j?-.y=78.1 Add the first to twice the 
«y +af+y=39. J second, and then subtract ; 
.•.«» + 2a:y+y»+a?+y=156 ....(1) 
and d^^— 2jy +y3— 3(d:+y) =0. . . . (2) 

.-. ('+y)H(*+y)+i=^ .•.^+y+i=±f 

.-. jr+y=12, or —13. 
Hence, substitnting in (2) 

(*-y)8=36, or -39 /. ;p-y=± 6 or ± V— 39 
also «+y= 12 or —13 

o o -13 + V-39 
-•. *=9 or 3, or =~^ 

y=3 or 9, or ^ 

nA\^ 1_^ 1 Multiplying the two together, 

^^^•^ J""«-? > a?2_2a:y+y2=4 .% *-y=2, 

j^y — «y»= I ^. J alsa *y (j?— y) = 1 6 

.-. jryssS. From (*— y)^=: 4 
add 4a7y =32 

'••(«+y)^=36.-.«+y=± 6 
also J?— y= 2 

.'. jf = 4 or —2 

y = 2 or —4. 

(15.) a^+«y=o3+flA. "I Adding the two together, we 
yS-j-yafrriS+a^. / have 

«24.2«y+y8=fl2+2a3+^8^ .*. x+y=za+b. 
Al80^«(j?+y)=a2-f-a*.-.(a+*)a^a(fl4-&).-.;p=fl.-.y-i. 

(16.) iary=5*+ 12y. 1 Prom the first, 12(iP-l)y=5*. 
y*— ^=1* . J From the second, y=A/(^+l). 
Substituting, 12(d:— l)^(aj2+l)s=5a. 

.M44(a?-l)8(x2+l)=25^ 
.M44(j*-.ar»+aF»-2*+ 1)=25«»; 
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that is, 144(«<+l)-288(ii»+4r)=-.263«» 
.-. 144(«»+^)-288(*+i)=-263. 

Adding 144X2, 144^*+ A -iBsL +^=25 ; 

25 
or. 144y»-288y=25 .-. y»-2y=j^ 

169 13 25 1 

.•,y»-2y+l=j4^ .-.y— l = ±-i2 •;; y=l2' *" — 12 

1 25 11 

•••'+*=T2'"'+i=-i2 

...^_f^=-l,or^+l,= -l 

25 /25Y 49 .1 1 552 

••• •^^T2''+V24/ =2P' °' *^+T2'+245=-2P 
25 2 ^ _ v'-552 

••• '-24"-±25' °'''+24-± 54 

254-7 -l + ^/-552 
...,=-^or*=— -— ; 

-1±V— 552 -l + 2v/-138 
that 18, j?=:H or }; or *= ^ = ^ 

^/(25+2^/-138) 
...y=V(;p2+l)=l|,or H; ery= - -^^4 ' 

Substituting this in the second, sf — g— j +2«*=li : 

that is,. 35jr«— 144*= — 148 
„ 144 148 

•'•*^~l5*=-35" 

144 /72Y 4^ 72_ ^ _ 4 

••• *^-"*3F*"*" W "352 •'• *"'85""±35 •'• *'"^' ®' ^35 



. 3* 29.. 

.y=4— 2=l,or3g. 
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(18.) y— «=2. 1 Prom the first, y=d?+ 2. Substi- 
S^siOr+y. J tuting this in the second, 

••. «^-3*— 3-'-*^— 3^+36— 36 
•'• *"-6=±6 •*• '=2, or — ^• 

(19.) jp 4- y + ^/(JP + y) = 1 2. "I From the first, completing 
j^+y^=189. J the square, 

49 —1 + 7 

(*+y)+(*+y)*+i=:4- .:. (*+y)»==— -=-==3 or -4. 

The second is (*+y)(«'— «y+y*)=189; that is, it is either 

9(«»-«y+3^=189, or 1 6(*8-«y+y»)= 189.. .. (A). 
Sabstituting 9—x for y in the former of these, after dividing 
by 9, we have 3af»— 27*=-60 .-. «8-9*=:-20 

81 9 

.'. a?*— 9jp+-j=i .'. *— o— ±i •'• '=&» or 4 

.•, y=9— j?=4, or 5. 
These are the values in the book ; another pair may be 
obtained from the second of the equations (A). 

(20.) 4j?y=96— j?2y8^ -i Yrom the first, 

*+y=6. / (j?y)2+4«y=96. 

Completing the square, (m/)^ + 4fy + 4 = 1 00 

,'. «y+2= + 10 .-. J?y=8, or —12. 
From the second equation, (jr+y)*=36 

also, 4a7y=:32 or — 48 

.•• (j?— y)*= 4 or 84 
.•. jp— y= + 2, or 2 a/21 ; also »+y=6 
/. x=4, or 2; or 3+^^21 
y=2, or4; or 3 + V^L 

^^, ^ jp'+y* 13 1 From the first, 

(21.)— ;^=g- L 13 

*Vf*y»=AH42. J *'+y'= 6 *y- • • • <^> 

From the second, ;ry(»2^y8_^j--42. 
By substitution. 
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(18 \ 7 ' 

-g «y- jy j=c42 ; that iB.,g(j!y)'=42 /. «3f=6 

/. from (A), «8+y2=13 /. 4?»+2a:y+y3=25 .-. jr+y=±5 
and «2— 2ay+y^=s I.*. *— y=s + l 
.'. jp=r3 or —3, y=2, or —2. 

(22.) «»+y'+4jr— 6y=r3.1 Add twice the second to 
ay— 3jr+ 2y = 1 1. J the first, then 

*»+ary+y3-2(d?+y)=35. 

Completing the square, (d?+y)^— 2(jr+y) + l==36 

.•. *+y— 1=5 + 6 /. *+y:^7, or —6 

,'. y=3 7*-ar, or y=s — 6—*. 

Sahslituting in the second equation* 

7j.»,ja_3jr+14-2jp=n, or -<-5#w*^--&v-*10-2drs:Il ; 

that b, — a*+2j?=— 3, or —of^— 10a?=21 

.v«8— 2jf+l=4,or«8+iar+25=4 

.*. *— 1 = 4.2, or *+5= + 2 .'. j?=3, or —1; or —3, or -7 

.% y=7— J?=4, or 8; y=—5— j?=— 2, or 2. 

(23.) (r»+y»)j?y =36001 . f«V+a!V =3600 

a?s5f+j;y«=84 J •* \ar*yH^y* + 2«8y8=7056 

2j!»y»=3456 

.•. ay= ^1728=r 12 .'. from the first equation, j?*+y2=25 

Adding and suhtractingy 2d;y=24 
f ___ 

.•.j?+y=B±7,*-y=:±l (*+y)«=49 

.\ d?=:3, or 4 ; y=:4, or 3 (or— y)«= 1 

(24.) **+y*=2657. 1 This example may he treated ex- 
jp +y =11. J actly like ex. 6, at p. 83 of the 
Algehra. 

(25.) 2jr+2y-««-y2+2=0l . / 2*+2y+2=r»+y» 
ayzfzSf " \ 6= 2«y 

.'. ■III. 

Adding, 2(j?+y)+8=(*+y)2 

•'• (*+y)*-2(*-hy)=8 .-. (#+y)3'-2(jr+y) + l=9 
.•. d?+y— 1=±8 •'. j?+y=4 or —2 
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.-. ('+y)»=16,or 4 
4jy ==12 12 

(jp— y)'= 4 «• — 8 .*. JP— y=±2, or 2./— 2. 
And ance *+y=4 or —2 .% jr=3 or 1 ; or — (l+\/~2) 
and y=l or3; or — (1 + V--2). 

(26.) j'+y'=61. 1 This example is similar to that at p. 
«*— jy=6. j 86 of die Algebra, and maj be solved 
in the same waj. 

the second by the first. 



(27.) jp+y=10. 1 IKvidmg 
«*+y*=17050. J we have 



*«— jf»y4-*y-«y*+y* = 1705 

(*+y)4=*«4 4«^-H6jry+4*y»+y* =10000 

Subtracting* 5«^+&rV+^«r = ^^^^ 

... ;r«+^ + y« =1^ 

(x-f-y)*sr^ +2«3r + y» =100 

.*. w =5 100 

. ••• (jy)«-100jfy=-1659 .-. (jfy)*-10ary+ 2500= 841 

.'. «y— 50= ±29 .•. «y=21, or 79 
(*+y)«=100 
4xy = 84 or 816 

(jp— y)*= 16 or —216 ••. *— y=rs+4 or 6^—6; and since 
j?+y = 10.'. ir=7, orS; or5+3v^— 6 
y=3, or7; or 5^ 3^ --6. 

(28.) «»4^*y+y»=211 . f (*+y)»-^=21. 
* -^+y=3 / • • \(x+y)-(^)*=3. 

Divide the fint of these by the second, then 

(*+y)4-(jy)4=7. 

Add this to the equation above, then 2(x+y)=10 .'• jf+y=5. 

Also«y=(«+y)»-21=4 .-. (ir+y)*-4jy=(4P-y)»=9 

.*. jp— y=+3 ••. jr=l or 4 ; y=4 or 1. 

(29.) *8y8-Mary=9j2^4y2 1 . f jV=^(3*-2y)» 

«*+4*+y>=6y+24/ * ' t«»+y>=6y-4«+24 

f2 
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To ^+y3=6y-4*+24. ... (A) 

add 2xy =6dr-4y (B) 

.-. (*+y)3=2(4r+y)+24 .•• (4r+y)2-2(*+y)=24 

.-. («+y)»-2(*+y) + l=25 .\af+y-l=z±5 

.*. x-^y^siS, or —4 /. y=6^dr, or y=— 4— *. 

Substituting in (B), 12*-2*«=&r— 24+4*, or -&r— 2«*= 

&r+16+4j? .•• 2«3-.2*=24, or 2ar2.+ iar=-16 

49 /9\^ 49 

... jy3-ar+i= J. or «»+.9*+^2/ =T 

7 9 7 

.-, *— i=±2, or J? + 2= ±2 

.%jp=4, or— 3; ord?= — 1, or— 8 
/. y=6— d7=2, or 9; or y=— 4— *==— 3, or 4. 

(30.) J? — y =2. 1 From the first, 

a^+y4=272./ :p*-4^y+6*y-4«y»+/?=16. 

Subtracting this from the second, 

4«8y-6j2y»+4a?y» = 256 

.'.4*2_ea;y + 4y2 = — 

4(*-y)2=4a?2-&ry + 4y» = 16 
256 

.-. 2jfy= 16 

^ «y 

••. (^)*+84:y=128 .-. (4:y)«+&ry+16=144 

.-. jy+4=±12 .-. *y=8 or —16. 
To («-y)3=4 \ .-. (ip+y)2=36, or -60 

add 4jfy =32 or =64 J .-. *+y=±6, or 2/y/— 15 

.*. j?=4, or — 2; or 1±\/"~1^ 
y=2, or —4; or — l + /y^— 15. 

(31.) «8+2jy4-y+3jp=73. 1 Adding these together, we 
yH«+3y =44. J have 

d?2+2ay+yH4*+4y=117j 

thatis, (a7+y)^+4(dr+y)=ll7 

•. (*+y)^+4(a7+y)+4=121 .•.*+y + 2=+ll 

.% d?4-y=9 or —13 .*. j?=9— y, or — 13— y. 

Hencei by substitution in the second equation. 
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y*+2y+9=44ory»+2y-13=44 
.-. 3^+2y+ 1=36, or y« + 2y + 1=68 

.•.y+l = ±6, ory + l=;±v^58 

.'. y=s5, or — 7; or y= — 1 + ^68 

/. jr^9— y=4, or 16; or *= — 13— y= — 12T\/58. 

(32.) («8+y«)(x+y) = 120. \ Diyidmg the first by the 
(*-y)(«»-y«)=24. /second, 

«^ + y' 2^ 
7 — ' *-rft=:5. Subtract 1, .*. ; ^=4 

-ctV'- Aad,..-.(|±|)U...i?,=±o 

/. «s=2y, ory=2jr. 
Substitating in the second equation, we have 

3y»=24 ••. y»=8 .% y=2 .-. j?=4 
or 3jp»=24 .'. jfi^S .'•• ir=2 .•. y=4. 

(33.) 4^=6. . . 1 Aeaume ar=t;y, then the equa- 

3^?*— 7y' + 1 =0. J tions are 

iy:=6, 3t^«ya-.7y«=-I 

j^ ^ ^ _!_ 

1 7 
.•. 42-18f;*=t; .-. 18t;2+v=:42 .*. <^+i8»=3 

3025 _1__ 55 3 2£ 

352 •'•*?+36— ±36 •*«<^=T:2»or— 9 

6 
.•.y»=-=4 .•. y=±2 /. *=t;y = ±3. 

(34.) 2*-iy- =l+j?tyi, 1 Squaring the 

* — y = \/(o — * + y) — v^(a + *— y) . J second equation 
we have 

(*-y)«=2a-VK-(*-y)'} 
.-. 4{«»-(*-y)«} = {2a-(*-y)a}»= 

4a»-4a(«-y)»+(«-y)* 
.-. 4(*-y)»=:4a(*-y)«-(*-y)* 
.-. {4(l-a) + («-y)8}(*-y)»=0. 

This is satisfied for «— y=0 .*. x=y .'. the first equation is 
2«~i:;(l +'• which is ^4cntly satisfied for «=1. 



.1 /IV 
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(35.) or— y =3. 1 Divide the second by «+y, 

«»-hy»=:19(*+y)./thcn 
^— jry+y'r=19. Subtract the square of the first, 

.*. 9y =10. Add 4 times this to the above, 
*2+2«y+y2=49 .-. *+y=±7 
,'. x=5, or —2; y=2, or —5. 

(36.) *-2V(^)+y-y*+Vy=0. Wefirrtrfthesei. 

(V*-Vy)2-(N/*-Vy)=o 

••• (V'-Vy)'-(V'-Vy)+i=i 

/. V*— Vy~l=±i' •■• V'—Vy^i o'O. 

Also from the second, >^/x-\-n/yssi 

/ „ « ^ 23 

••• vy=2 or^ .'. y=4, or -^^ 



^x4=2 J '' + 4,y=^y» 



Moltipljfing tiie first by y', then 
35 
9^ 



121 9 
11 6 17 

••• « + 2y = ±-3 y ••- «=3y» or -yy- 

5 17 

But from the second, dr=y+ 2 .*. y+2=«y,ory+2=— -jy 

20 ^3 

•'• iy=2, or yy=-2 /.y=3,or -Jq 

17 
.•. *s=y-h2=s5, or j^- 

(38.) ^-2^y+y»=49 \ . f j?»-y=±7.. .. (A) 

^:p^-2^yHy*-*»-hy*=20 / • •l(*3-y8)2-(^-y2)=2Q 

... (a^-y3)2-.(^-y8)+i = j.-.a^-y«-i=:±| 
,-.j?8=y»+-j-. 
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that is, «8=3r* + 5, or y^— 4. Shibatituting thia in (A), 
y3^ys2 or —12; or y*— y=ll or —3 

••• y'— y +i=t or y*-y +i=— 4 » 

45 „ ,11 

or y»-y + ^=-5-. or y«-y +i= — J 

, v/-47 

.•.y-i=±|.o'y-i= 2"' 

or y-i=-2-, or y-i=:— 2— 

l + V-47 1 + 3^/5 

.-. y = 2, or -1, or -^=^ ; or y=-=*2 — * 



or 



^-^ ^^ /. *=>/(yH5)^±3. or ±V6. 



(39.) «*+y*=fl.\ Squaring the first, 
^ =6./ a:2»+2j?«y»+y2*=fl' 
Raising the second, 4d?»y" =46** 

.-. «*-y» =a3-4i» 

Combining this ^h i^e first by addition, and then taking the 
«th root, we have .. « ., v 

6 

^ y* 3/^ yA— o^ 1 -^^^ ^ ^ ^^^^ ®^^^ ^^ 

(40.) y3+^— §\^+jy— ^60* >the first equation, then 
4*-.5y=10. J we have 

.3 203 3 9 1849 

or «»-2^= 50 ••. ^-2^"^ 16" 400 

3 43 29 7. 

.•.0^j=±25.-.«t=jQ,or-5. 



or y 29 7 

that is, -+-=15, or -5 



,y Google 



104 aXJABRATIC BQUATIONS* 

29 7 

.-. «8 +y3 =^jy, or «« -hy2= — gay. 

4^-10 

From the second equation, y= — ^ — : hence by Bubatitution, 

/4dr-10V 29j?(4j?-10) 



/4dr-10\2 2 

•(,-6— ;=^- 



50 

25*8+ 16*2-80*+ 100=58«»-145jf 

„ 65 loo 
.-. 17*3-65*= 100 .'. *8-Yy*=-jy- 

65V 11025 65 106 



^"17 ■*'\34/ ""3 



348 ••'~34~"±34 

20 4* 50 

/. *=5, or — jy .'. y=-g— 2 = 2, or — j^- 

Another pfiir of values for * and for y may be obtained from 

7 

the equation **-fy2=— -*y. 

(41.) **— *y=48y. 1 Divide the first by the second, then 

Substituting this in the first, 16y2+4y'=48y •*, (16HF4)y=48 

2 3 

.«. y=4, or 2g .'• *=16, or — 9e' 

(42.) *3+y2-15(*+y)=-70."l Multiply the second 
3*y + 31(*+y)=210. /by |, then the two equa- 
iioDB become 

j,3+y«-.15(^ + y)=:_70. ... (A) 

62 
2*y +-3-(*+y)= 140.... (B) 



17 
By addition, (*+y)H 3-(*+y)= 70. 

Completing the square, 

vQ 1^, V /l^V 2809 
(*+y)Hy(ar + y)+(g-)=-3g- 

17 53 ^ 35 

.'. *+y+-g'=±"g .'. *+y=6, or — y 
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Taking the first of these, we have from (B), 

2«y=16 /. (*+y)*-4afy=(d?-y)»2=4 .'. *-y=±2 
.'. d?=4, or 2 ; y=2, or 4. 

NoTB. — In every pair of symnketrieal equations — that is, 
equations in which jf and y may he interchanged without dis- 
turbing the equality — it is plam that the resmting Talues are 
interc^Emgeable i thus, in the present example, from the values 
jr=:2. y=4, we might infer the values »=:4, y=2, 

(43.) \/y : V* • • nA+^ • v^*+ !• 1 Converting the pro- 
^(j?y) + ^^/y = 3j? -f 3\/jp. j portion into an equa- 
tion by multiplying extremes and means, 

Vjfy+ Vy^ «+3V* (A) 

V«y+2Vy=3d?+3Va?. . . . (B) 

>^y=s2« .*. y=s4«*. 
Hence, by substitution in (A), 
2jfv^jr+2*=*+8v'* -•. 2*v^*+*=8v'jp .•. 2*+\/*=3 
1 25 5 3 

.•. *=1, or 2J; ys=4**=4, or 20J. 

These bmg two homogeneous equations, put t^ for 4r ; then 
i;8y»-y«=^ty /. ^-l-'^v.\ 30t;»-lli;a30 

66 

„2y>+«y«=66 .'.y'^;^^' 
From the former of these, 



11 /11Y_3721 ii 61 6 5 

^"80*''^ W "3600 •*' ''"60='±60 •*' •'==5'®'~6 

, 66 _ 66x36 . ^ . , 66 

,66 
/. jpsBt^as Hh 6, or — 5v— '^• 

(45), (46), (47). These are all pairs of homogeneous ^^ 

f5 
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tionsy and may be solred in exactly the same way as the pair 
of equations just discussed. 

(48.) a?i+yi=34f. 1 Multiply the second by a^, then it 
«*+y*=*. J becomes *+«*y*=«*: hence the first is 
the same as 

tluit is, yK«^+y*)s=2dr ; but «*+yisjr 

.'. y*=2 .-. y=8 .•. «*+2=* 

.*. *— **=2 .-. *-i**+ J=J /. **— i=±i -•• «=4, or !♦ 

.•;;;^+^=2 .-. (3*)3-2(4r+y)3*=-(*+y)«. 

Completing the square, (3^)^ — 2(4?+y)3jr+(jr+y)^sO 
/. 9*— (*+y)=0 .•• 2*=y. 
Hence, by substitution in the second equation, 

3 9 441 



8 21 ^9 

4=1-4- .•.Jrs=6,or 

y=24r=:12, or —9. 



••. *— 4= ±-4- .*. *=6, or — 



(50.) (*+y)=3(ir-y)*. \ Cubing the first, 

(*»+y3)(*+y)=27. / (x+y)8=:27(x~y). ... (A) 

Prom the second, (x^— ay+y*)(«+y)'=27(*+y) 
By division, 

^-xy-^y^J^ .-. (««-«y+y8)(ar-y)=*+y. . . . (B). 

Put jrsiiy, m (A) and (B), 

.-. (t;+l)y=27(t;-l)y .-. (t;+l)y«27(«-l) 

(t;y-.y8+y«)(„-l)y=(„ + l)y ... (,;2^,;+l)yS=^. 

Equating the two expressions for y^, we have 
27(t;— 1) v+l 
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.-. 26i^-.85t;»+102t;»-85i;+26=0 

Adding 26 X 2, to each side, 

26 (v4-;) -85(1;+^)= -50. Patv+;;=w 
86 /85Y_/86Y 25 2052 

85_ 1? _5 10 

•*• •^""52"" - 52 •'• *'""2' °' 13 

15 1 10 „ 5 „ 10 

•••«'+^=2'^'*' + r=l3-'-'^^2*'=~^'^''^""l?'=~^' 

From the first of these, 9=2 or i ; 

5±12V-1 
from the second, r= r« ^ 

27(»-l) 
Taking r=a2, we have y= /^ 1 |\3 =1 •'• «=ty=2 ; 

and these are the values of « and y given in the hook. All 
ihe other values may be in the same manner obtained from the 
remaining values of 0. 

Clearing fractions, the equa- 
tions are 



<»'-)?±?l$-H. 



i*h*- 



' 3(*8+^+y^=7(i?»-j:y+y2) 

2(*+y)=ary. 

Put x=vy, and they become changed into 

3(»y +V+y*)=7(tV-«^+r) ••• 4f^-io»+4to. . (A) 

and 2(»-f l)y=3V •-. y=-^^- . . . (B). 

5 . 5 25 9 

From (A), t»— ^rac— 1 .•. «^— y^^- i5=Yg 

••. »=x— 7— =2 or f 

.*. (B), y=l or 2 .•. *=tya2 or 1. 

(52). 2jfl'^2xy=Sy,l Put jr=tyj and the equations be- 
3j7— Sy^sssSjT. J come 
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3 

and 3(V-y^)=2iy .'. y=3(^. - • • (B) 

•'• 2r(»-l)^3(t^-.l) •*• 2»" 3 •'• ^^-^ •*• *-±t 
*•• (B), y=2, or f /. «=ry=8, or — f , 

(53.) (a?+y)(*-y)^=32.1 Multiplying the second by 4, 
«*— y^— J?— y=8. J we have 

4{(^-y*)-(a^+y)}=(*+y)(*-y)8. 
Dividing by *+y, 

4(*-y-l)=(*-y)« .-. (x-y)2-4(x-y)=-4 
.-. (*-y)2-4(*-y)-h4=0 .-. «-y=2 
.'. snbstituting in the first, 

4(j?+y)=32 .-. «+y=8 .', *=5, y=3. 

(34.) 4^-^'4-4.1po£^; "^ *"*' ^y '^, 

Add «2y4, then 

y2 (**+ i^H 5)=a?8/+4;ry8+4. 

Extracting the roots, yh^-^^J^^ay^-^^ (A) 

y* 

/. *^— «y*=2— "2 ! but 2nd equa. a?^— ay^ss*^— 3, 

.-. 2a?8+y'=10. 
Subtracting this from 3 times the second equation. 

Extracting the cube root, *— y= — 1 .*. x=y— 1. 

Substituting in (A), y | (y-l)«+f } =(y-l)yH2 

••• y(y- l)*=?-y'+2 .-. y»-2y2+2y-.4=0 



"2 
ory«(y— 2) + 2(y-2)=0, 
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Hub is satisfied for either y*-2=0, or y>+2=0 
.♦. ya=2, orya=v'— 2 ,♦. #s=y— Issl, or —1 + ^-2. 

(55.) (x+y)»-(*-y)*=o.l Dividing th« first by the 
(*+y)*+ (*-y)*=*. / second, 

(,+y)*_(,-y)*=? 

(«+y)*+(*-y)*=ft 

(,-y)*=l(j-?) 



'-'"{K-J)}' 



-K^^p) 



(56.) («*+y*)(a?+y)=2ay. \ Diyide the second by the 
(a^-y4)(^+y8) =0^8. /first, then 

(*-y)(*«+y»)=f 
But (*+y)(«»+y')=2«y 

Substituting in the first, 

5 3 

4(*+y) = 2« .-. 3d?=5y .-. y=^« 

Substituting this in (A), 

/.34«-4 /.x-jgg.-.y-jgg- 

r'57^ r.aj-«8^^--. 1 By dividing the first by the 
(57.) (j*+y»)^— g I second, 

, . , * 15 r ^+y' y!^52 ^ *8+y»_52*« 
(**-y*)-=Y- J ;r«-y»* «a-45 ' * «8-.y3-46y« 
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62 52 , ^ ?Z -1? 

•'• 45*^ "'45"'="'+^ •'• •^""52"'""52 



, 97 /97Y 
•••^~52"'Hi04y"" 



18769 



104« 
97 +137 9 5 X 3.5 

Taking the first of these Talues, and snbstitating in the 
given equations, we have «2+3f*=13, and «*— y«=5 
.-. a?>=:9, y*=4 ••. *=±3, y=±2. 

,-« V , • .v . ^ A. ^^ "I The second eqaation 
(68.) (*»+y»)-(**+y*)=5^- ' • • ^ 



_o^ T *"® seeona eqni 
' +5r)— 256* I is the same as 



(*+y)»+(*y-2)«y=g4 J «»+y«+«y=64. . (A) 

SobtnuAing the first from twice this, 

105 
(«»+y«)»+(*»+y«)=25g 

169 

« o , 13 , „ 5 21 

... «8+y2+i=±Yg -•. j?»+y»= j^, or - jg- 

Substituting the first of these in (A), 

Adding and subtracting, 

16 



(*-y)3=-- ... *-y=J 



"16 

(59.) (-%+'-f =(y'~i)v*y.. ^^^,^^ 
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Pat X for ^xy, then» clearing the second of fractions, we have 

*-2y=(y-l)jr....(A) 

42r-48=z*-18^, 

orz*-18z«-4if+48=0. 

or a«(;?8-16)-2(z2+2jr-.24)±=0, 

or i»(i»-48)-2(jr-4)(2r+6)x=0, 

which is satisfied for either 

ir-4=0, orir«(;p+4)-2(*+6)s=0. 

The first of these gives zs=4 •*. «y=16 ; and from (A), 

96 
jr— 2|f=4jr— 4 .*• 6y— «=4,or— — *3s:4 

.-. «8+4»=96 .-. r»+4«+4=100 /. *+2= + 10 

16 ^ 4 

.-. «=:8, or —12 /. y=— =2,or — g- 

(60.) (**-y*)(4P»-y2)=45«»y3."l Dividing the first by 

(«*+y*)(j?+y) = lojy . J the second, 

(*«-y3)(*-y)=8;ry....(A). 

jp*+y* *+y 
Dividing the second by this, q^ o ' JUJi— ^ » 

tiiatis. T^3^=3 .-. 5(»-l)«=«»+l .•.4i»-iaf=-4 
, 5 25 9 6 3 

••• '^-i'+TerU •'• *-4=±4 •*• '=*' *"■ * 

•p y 

.•. -s=2, or J..\ ar=2y, or*=2- 

Substituting the first of these values of 9 in (A), we have 
3y«=6y* .'. y=2 /. dr=2y=4. 

(61.) v^(*+y)+ ^(*-y)=y. 1 The second 

ay + \/(j?^^ — y*) *= VC* +y) + \/('""y)* / eqwatioJ^ » 
the same as 
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V(*+y)+ V(*-y)=|{2*+2V(^-y»)} ; 
that is, V(*+y)+'v^(^-y)=f{V(*+y)+\/('-y)}« 

.M=|{v/(*+y)+V(a?-y)} 
y 1 \/(^-hy)-\/(x-y) 

••• y^= V(*+y)-\/(*-y) 
={^(*+y)+V(^-"y)}{^('+y)--J^(*-y)}. 

Substituting for the first of these factors its yalue in the first 
equation, we have 

also 4^(j?— y)=0 /. jf=y /. 2y=y* /. y'=2 
.«. y= ^2, and *= >v^2. 

(62.) 8>y/(y+2)=4?+8.'l Squaring the second, we have 
*»-y*=(y+2)*. / ar-2V«y+y=y+2 

(iP-2)« (*-f2)3 

.•.(*-2)3=4j^.-.y='-|j^ ...y+2=^-^. 

Substituting this in the first, 

^+2 8 8 

4f2--AyiF) 

.\ (V*-2)«=-^;;^j;^ 

This equation is satisfied for either 

^j?— 2=0, or *— 2 V*4-4=0. 

(*— 2)» 
The first ^ves *=4 /. y= — r =J. 



ISd 



(63.) *»+*y+y«=;?i:^-:i:p- 



91 



*«-«y+y«=5q::p- 



Put «=ry, then the 
^equations are 
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133 

(^+*+^)3^=(?3;Ti)? 

Dividing one by the other, ^^^^i^siit^-v-^l) 
... 9l(t;a+r+l)=133(«»+l) .-. 42»»— 91f;+42=0 

,13 , ^ .13 /13\2 25 
.M^-- gf;+l=0.M^-g-t, + ^^2J =144 

13+5 3 2 4/133 ; 

•'• *'="ir=2'°''3 •;• y= V (t^+i)2-i;2=2.or3 

.*. 4r=i0y=3, or 2. 

(64.) V(*" + ^*V') + V(y^+ ^**/) =«• 1 These equa- 
X'^y+S\^bjn/=b. J tions may be 

put in the following forms : namely. 

(j*+y*)8=5 .-. *»+yi=5*. . . . (A). 
The first is the same as (4P*+y*){a?*+y*}*=a; 

that is, (4P»+y*)^=a /. a?*+y«=a» (B). 

In order to dispense with fractional exponents, write a, b, x, y, 
instead of o^. 6 . x^, y^, and replace them by these at the end : 
the equations (A) and (B) thus take the simpler forms 

jr+y=5 and jr®+y*=a* 
.-. jp8 + 2jry+y2=63 

••. «»-2«y+y2--2a3-i2 
/. *-y= v'(2«»-i2) ... d.=|{ft + ^(2a8-i2)} 
y=i{b^V(2a^^l^)}. 
Hence, restoring the symbols to their proper yalues, 

x=:\{bi'\-^(2a*^b^)}^ y=|{rf- v'(2a»-il}». 

(65.) a:»+y2=3jfy.\ Since («+y)«=j^+5j?V + 10*"^'+ 
*»+y«=2. / 10a:8y»+5jy+y5, 

and from the first equation. (x-^y)^^oxy, 

and from the second^ ^ 
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that 18, «»+Vy+ajiy«+y»«*»+2*»y+ajy»+y»+^ 

But «y=^--^ .-. (jr+y)»=10 .•• «+y= ^10 

... (#+y)»=(*'10)«. 

Al8o4jry=f(^10)> 

4^10 
... (*-.y)«=K^10)» .-. *-y^^ 

VIO , ^10 , 

(66.) (i'+y)^=64(*— y).1 Put jr=«y« then the equa. 
(«*+y^)(«+y)=76. / tions are 

... • 64(»-.l) 

(r+l)y =64(r-l)y .'. t/'^'J^/.. .. (A) 

76 

(g»+l)(r-H)/=76.-V= ^^^^^^^^^^ .,..(B) 

64»(p-l)^ 76 64«(p— 1)» 76 

•'• (r+l)« ""(f^+lKr+l)-'- (r+1/ "•»»—»+ 1 
.'. 642(17- l)V-»+l)=76(» + l)^. 
Diyiding by 4, and transposing, 

1005if*-3148»8+3982t;»—3148»+ 1006=0 



/ . 1\ 3148/ 1\ 3982 

•••V"^+?hl005V^+V"""l005 

..^ « / IV 3148/ 1\ 



1972 
1005 



<» «^-T7^;T£W+ 



/1574Y A 
\1005y """ 



1005^^\1005y "" 1005^ 
1574 704 
•^"■1005"" ±1005 

2278 58 
*' "'"loos' ^^67' 
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Taking the first of these, 

1 2278 2278 

2278 /1139Y 287296 
'■• ''^""1005^"^\1005/ - 1005« 
1189 636 _5 201 

•'• *"" 1005^ ±1006 •'• ^"•3'^'386' 
Taking the first of these, we have (A) 

^ ^(t^-1) 3 _ _5 

^"">-hi)v(»+i)""2 •'• *-«y--2' 

(67.) J?*+y*=l+2jfy+3j?«y«. 1 From the first equa- 
**+y*=2y2jr+2y2 4-d?+l./tion by transposing, we 
haye 

j?«-2jry+/=l+2j:y+*8y8 .% jp8-y«=H-;ry. . .. (A) 

.•.«»-jfy+y«=2y»+l. 

But the second is a?«+y«=s(2y8 + l)(*+l) 

.-. j?+y»=(«2— «y+3^)(j?+l) 

Dividingbyj:*— «y+y^j?+y=4rf 1 /.yssl .-. (A),**— j?=2' 

1 9 1 + 3 

/. «»-a?+j=j .-. *=-=-=:2, or-1. 

(68.) (a:8+JW+y^)(*»-«y+y^=481.\ Put r for jf«+y^ 
(r^+y2)a-(jr3+y2)^=325. /and «; for *y; 
then the equations are changed into 

(v+w)(v'w)=^4Bl\ . P+to 481 37 ^ w_12 . 
and (»-»)« = 326 J • • v ""326 ""25 ' ' »""26 
12 



uf^2B^ 



..-^=(-i^-iiii'=«. 



.'. r=25 .-. w=12; 
that is, *»+y»=25, jy=12 .-. «^+2jfy+y2=49 

«»-2j?y+y3= I 

.-. *+y= ± 7. *-y= ± 1 .-. «=4, y=3, 
or *=8, ys=4, or «=— 4, y=— 3, or *=— 3, y=— 4. 

Note.— It is plain, from the symmetrical form of each 
equation, that x and y may be interchanged ; and that what- 
ever pair of yalues answerj the same pair with changed signs 
will alfio answer. 
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(69.) «-2 v^(2ay-y*)=5Vay- \ Add 16«y to eacb ade 
«•— &rV«y=2«y— Sir. J of the second equation, 
then it becomes 

Hence by substitution the first is 

«--^=5v^<y .*. s^lyjay .*. #— 7ay=0. 

Subtracting this from the equation aboye, we haye 

8v^ay=3 v'CSay— y*) •*. ay=2<y-y' .\ y^a .\ x^7a. 

(70.) jr*+y^=-7-- I ^^ 2^=Z'hv, and y2=:«— », then 
, V 2 f the equations are 
j?«+y4=l. J ^ 

(*+•)* + (*-r)»=;72 

(z+r)» + (*-t;)2=l; 

1 I— 2«*s/2 

that is, 2^+ 6«;2= _ .-. ^=___ 

1—2** 

...-g^=-2-.thatis,^^=l-(V2)^ 

Divide by 1 — ir^2, 

.-. l+;f^2 + (z^2)«=(l+V2)3«^2.. .. (A). 
Since the equation is thus divisible by 1 -^^^2, it is satisfied 

for H-«i^2=0 /. '="72 (see Note, p. 66,) 

1— 2«* 1 1 

.-. t;= V—j- =0 .-. «= v'(2r+t;)=-i72. y=\/(^-»)=T72 

These are the values in the book : other values are obtained 
from the equation (A), which gives ^= — ^^ — • 

(71,) j?7— y7=127. 1 Raising the second to the seventh 
J7^y= 1. j power^ subtracting the result from the 
first, and dividing by 7xy, we have 

18 
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But (*-y)*=:J?»— 5*V+10«8y«-.10;ry+5j!y<-.y«=l 

.-. 2jrV- 5j?8y»+ 5r^y^-2ay^ =—-1 

Also 2(*-y)8=2a?«- 6*^ + 6a^ -.2y» =2 

^ Wi -. 18-jy- 2(^)g 
.. ^ - ay2= —^ 

But*— yal .•. *»y— ay^ssCjf— y)ay=sjy 
."• («y)'+2(«y)H«y-18=0. 
This is evidently satisfied for 0^=2 ; and since («— y)2=I, 
.-. («-y)H4jy=(j?+y)2=9 .-. «?+y=3 .-. «=2. ysl. 

(72.) jf+y+jp=:3a. 1 Multiply the second l?y *, and 
«y4-«2r+yz=3a^. >8uhtract from the third: 

xyz^tfl. J .-. — aj8(y+jp)=fl»— 3a»j?. 
Multiply the first by x^, and add to this, then 

a?»=a8— 3a2jr+3aa?8 /. fl»-8a8*-|-3ap2— ;p8=0; 
that is, (o— x)'=0 ••. j?=ii. 

In like manner, by employing y instead of a? in the foregoing 
steps, we shall haye y^a, and by using z, z^a. 

(73.) j?y=rj?+y. 1 By division, these equations be- 
d?ar=2(j?+;!r). >come converted into the following: 
yz= 3(y + xr) . J namely, 

1 1_ 1 . 1_1 1 1_1 
xty ' i'^i""2' y'*';r^3 

111,111 3 1 1 2 
.-. --^=2, also ---=^, and ;-.-=j 

2 7 2 5 ^2 1 * 

••• ;;=6'. . y=6' ^^ ;=-§. 

5 2 

••. «=ly, y=25, r=— 12. 

(74.) a?«+y'+2f^= 14.T Subtracting the second from the 
*a+y=3. >third, 

z»+y=:ll. J ;r8-«»=:8. 
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Adding to the first. 2«84-sr»= 221 . o o.,-n • ..-*x 
Twice the third, 2z2+2y=22 / * ' r-2y-0 . . y-2 

/. j.=V(3-y) = ±l, r=V(ll-y)=±3. 

(75.) jfy+z=5» 1 Multiplying the first hj z, 

xyz =4. >and subtracting the second, we 

2(*2-y) = (y«-*)».Jhave 

r*=5r— 4 .*. a;^— 6r=— 4 /. ;r=l, or 4 •*• xy=4, or 1. 

4 
Substituting ~ for y ki the third eqoaticxi, 

„ 8 16» 82 , , 24 163 

.-. ««+24*»=:256 .V a«+24a?8+ 144=400 .-.«»+ 12= ±20 
4 
.-. *=2 /. y=-=2, or d?= —2^4, y= — v'2. 

Substituting - for y in the third equation, 
o 2 1 2 , ^ 1 1 

Hence the values are d?=2, — 2-5^4, Hh 1 , . 
y=2, - i/% ±1 ^-*'*- 

(76.) j2-|-jjy-|-y2=i3.-^ Subtracting the third from the 
y*+y^+^=49. >second, and the first from the 
ir*-f-J?Jf+^=31. J third, we have 

(y2-j?2)4.2(y-*) = 18 
(^3-y«)+2(;!r-y)=18 
that is, (y-d?)(d?+y+*) =18. • . . (A) 
(ip-y)(^+y+^) =18.... (B) 

.-. (jr-^jr>(«+y +ar) =36. . . . (C) 

.-. (A), (B), y -0?=;?— y .-. z-]-x=2y 

12 
••• (C)> («— Jr)3y=36 .'. «— *=— 

y 

6 6 

Sttbititating these in. the thizd equatioit. 
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36 
that is, 3y2+^=31 .-. 8y<-31y»=. 



^ 81 „ /31V ^ 



529 
36 
• 31 23 „ 4 2 

6 6 

,-. «=y--=rl, or —1 ; z=y+-z=5, or —5 

.'. «=±1, y=±3, ar=±5. 

2 

Another set of pairs may be obtained from y= i^^* 

(77.) jf-«y-»ar=l|. "^ Dinde the second by the first, 
a?-iy z2 =18. >and the third by the second, then 
jryV =108. J we have 

«y*2r=12, «V=6 

o • 3 

Substitatiiig these in the third equation, 

27 ' 1 

jf.4a?2.^=108A^5=l .•.*=±1 .•.y=±2,^=±3. 

(78.) This does not appear to admit of solution by quad- 
ratics. 

PftOBi.BM8 (Page 97). 

(1 .) Let X be the smaller number, then ar+ 8 is the greater ; 
and by the question, 

«»4-ar=128 .•. «8-f 8*4-16=144 

.-. ar4-4=±12 .*. «=8. or —16 .-. d?+8=16, or —8. 

Hence the numbers are either 8 and 16, or —16 and —8. 

(2.) Let X, y represent the numbers ; then by the question, 
*+y=40, and *»+y2=818. 
Squaring the first equation, ^+2«y+y3=1600. 
Subtracting, 2«y=782 .'. jp*— ^ry-f y3=36 /. X'^y:=s±e. 
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404-6 ^ 40+6. 
But ar+y=40 .'. *=; — ^—, and y = — ^ — » 

that is, «=28, or 17 ; y=17 or 23. 

Note. — ^As observed at p. 115, the values of jr in a pair of 
gymmetrical equations, when interchanged, always give those 
of y ; so that x in this example having been found to be 23 or 
17, we might have inferred that y is 17 or 23. 

(3.) Let 4r be the magnitude, then we are to have the 
condition, 

j?=i+l .-.^s-jrrrl .•.*»-*+i=^ 

.-. «-i=iV6 .•. *=i(l±V5). 

(4.) Suppose he bought x sheep, then the cost price, in 
1200 
shillings, of each, was ; and the selling price of each of 

1080 
the j:— 15 disposed of was ■ __,, shillings: hence by the 

question, 

1200 1080 , . 

+ 2= rr .-. clearmg, 2j?8 + 9aF= 18000 

/45V 38025 
.-. a»+45*=9000 .'. x^ ^ Abx -\-\-^\ =— ;j-i 

45 195 
.'. j?+-2 =±"2- .*. j:=75, or —120. 

Hence the number of sheep was 75; the — 120, although 
satisfying the algebraical condition, being excluded by the 
nature of the question. 

(5.) Suppose they finish the work in x hours ; then by the 
question, a alone could have done it in d7+ 6 hours 

■ f» 9» »9 '"f" 15 ,t 

c „ „ „ 2x „ 

Hence the parts of the whole they can severally do in one 
hour are 

1 1 , 1 

*+6' «+l5' *^^ 2*' 
Consequently, as x times the sum of these parts make up the 
whole work, we must have 
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X X \ XX 



Clearing fractions, and transposing^ 

49 169 

7 13 
.•. j?+-=+— ,-. j?=3, or —10. 

Hence the time occupied is 3 hours. 

(6.) By Prop. 35, Book III., of 
Euclid, 

, cn^ 

By the question, a ■=±25, 
andxB=fon— 16. 
Hence, representing the line c d by 
X, we haye 



260.-16)=^ 




or2ar-400=-j- 

.-. a:»-8ar=-1600 .'. «»-8ap+ 1600=0 .-. «=40. 
Hence the length of the path c d is 40 feet. 

(7.) Suppose he bought x oxen, then the price of each was 

240 

— pounds, also the price received for each of the x—^ sold 

240 
was ~+8; and therefore the mon^ reoeiyed for all of 

them was 

/240 \ 
(*—3)(— + 8 1=240 + 59 by the question; 

. . 240(*-3) 
that is, 4 =^+ar- 24=299, 

X 

720 
or 240- — + ar-24=299 

X 
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29929 



ar>-.88*=:720.-.«» 



83 /83V /88V 29929 

83 173 83+173 ,^ 46 

••• *-r6=±-16" •'• *= 16 =16'^'— 8 " 
Hence the nnmber bought was 16. 

(8.) Let 4r be the number of penons, then hj the question 

72 
the share of each would hare been -— shilHngs ; but it appears 

72 1 
that each of the jf — 2 persons paid — 4 j s^^il^g*. 

.-. «»-2*=288 .-. *»-2*+l=«289 .". «-ls«±r7 
.-. *=18, or —16. 
Hence the number of persoDS was 18. 

(9.) Suppose he began with x shillines : then at the end 
of the first game he had 3jr— 16, and at the end of the second, 

|(3a?— 16)+d?=80, by the question, 
.-. 3jr-16+5d?=:400 .'. ar=416 .'. «=62. 
Consequently, he began with 52«. 

(10.) Suppose the breadth to be x yards, then the length 
must be d7+10 yards; and since the length multiplied by the 
breadth is the numerical value of the surface, we have the 
equation 

j?»+ iar=30pO .-. «»+10» + 25=3025 
.-. j?+5=±55 .-. d?=50, or -60 .'. *+ 10=60, or —50. 
Hence the length is (fO yards^ and the breadth 50 yards. 

(11.) Suppose A put in x pounds, then as this sum was in 
trade 12 months it is the same as if 12jr pounds had been put 
in for one month. In like manner, b's eontribution is the 
same as ^80 for one month : and since the whole stock is to 
the whole gain as a's contribution to that stock is to his share 
of the gam, we have the proportion 

12ar+480 : 12x : : 18 : a's gain, or df+40 : « : : 18 : a's gain ; 

therefore, by the Rule of Three, 
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lav . 

—45=^*8 gains 26— JT by the qaesticm 

.-. iar=(*+40)(26-*)=1040-14«-*8 
.-. «»+3ar=1040 .-. *a+324?+256=1296 
.*. jr-f 16=xHh86 /. a?3=20» or —52. 
Consequentlyi a contributied ^20. 

(12.) Let the skfe of the smaller square be « feet, then the 
side of the other is «+ 12 feet : the number of square feet in 
these is x^ and (jr+ 12)^ so that the number of square stones 
in the two is j7^+(«+ 12)^=2120 bj the question : therefore, 

2*2+24*+ 144=2120 .'. *2-|. 12^^=988 
.•.jr2+i2j.+86=1024.-.*+6= + 82.-.*=:26.-.*+ 12=88. 
Therefore, the sides of the squares are 26 feet and 38 feet 
respectively. 

(13.) Let » be the number of pounds the horse cost : then 
the gain was 56-*-*, which by the question is a gain of* per 
cent.: that is, 

* : h^-x : : 100 : * .-. «»=5600- 100* 

.-. *8+100*=5600 .-. *2+ 100*+ 2500=8100 

.*. *+5d= + 90 .*. *=40, the number of pounds. 

(14.) Let the two numbers be * and y: then by the 
questimi, 

*-y=±6 .'. (*-y)2=36 .-. 2*y=*»+y2— 36. ... (A) 

«y(*'+3^)=4640 .-. (*8+y2_36)(*»+y2)=928a; 

that 18, (*2+y2)Jr-.36(*8+y»)=9280 

.-. (*^+y«)^-36(*8+y8) + 18»=9604 

/. *»+y2_i8= + 98 .-. *3+y8=116. . . . (B) 

.-. (A), 2sry=80 .-. (B), *+y=Vl96= + 14. 

And since*— y=6 /. *=10 andy=4; or*=— 4, y=^10. 

(15.) Suppose they travel * miles an hour and y n^les an 
hour respectively : then they will have finished the journey in 

150, 150,^ 

— hours and hours respectively ; 

, 150 150 

and by the question, *=y + 3, and—- +8f =?:— • 

* y 

g2 
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Clearing, 450y+25«y=450dr, or patting y+d for x, 

450y+25yH75y=450y + 1350 .-. 25y«+75yrrl360 

9 225 
.-. y2+3y=54 .-. y« + 8y+5=— 

.-. y-f |=±7i .-. y=6 /. «=y+3=9. 
Heace a trayels 9 miles an hour, and b 6 miles. 

(16.) Suppose « to be the portion of the whole the man can 
do in 1 hour, and y the portion the boy can do in 1 hour : 
thea by the question, 

iar+6y=l, and 6«+10y=:|. 

Subtracting, 4* — 4y=i /. jr-yssj^ ^ j 

r''"'~96'^~96 
Adding, 16j:4-16y=| .'. jp-|-y = 

These are the portions done in 1 hour by the man and boy 
respectively. Hence, 1 hour's work of the man is worth 9 
hours' work of the boy. Suppose, now, the man to work z 
hours, and therefore the boy z^b hours : then 

9« jr-5 

9g+-9g-=l .-. I02r=101 .-. r=10TV •*• ^-5=6Jt. 

Therefore, the man works 10^^ hours, and the boy 5-^ hours* 

(17.) Suppose the stream runs » miles an hour, and that 

the rower could go y miles an hour in still water : then when 

assisted by the stream, he goes y+jr miles an hour, and when 

opposed by it, y —» miles an hour ; so that he goes the 20 

20 
miles in the one case in —r- hours, and in the other case in 
y+«r 

20 
-^^ hours : these times are by the question as 2 to 3 ; that is, 

60 40 3 _2 

y^x'-y-'X •'• y + j."-y-j.-"^- • • (^) 

20 20 2 2 

And moreoTer^+— =10 .-. ^+— =1. . . . (B) 

Adding these equations, we hare 

5 10 25 5 

—=1 .-, y+*=6 .-. (A).y-*=-3- .•.y=-g-,*=g- 
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20 20 

Also, — ; — s=4, and =6; 

y+* y— « 

hence the stream runs ^ mile an hour : the time of going with 

the stream is 4 hours, and of returning 6 hours. 

(18.) Suppose there were x men in the front of the wedge, 
then in the next row behind there were v— I, and in the tlmd 
row «— 2 ; behind this row the space was vacant. 

In like manner, for the three rows in either of the other 
sides of the wedge, we should have *» x — l, and x^2 men. 
But it is plain that each comer of the wedge — composed of 9 
men — is thus counted twice; so that tluree times 9 or 27 
must be deducted ; that is, 

3{j?+(#-l) + (#-2)-9}, or 9*-36 

is the whole number of men. Hence the number of men 
forming the hollow square is 9dr— 36— 597, or 9jr— 633. The 
number of men in the four rows of each side of this square 
would be the fourth part of 9ar— 633, were it not that each 
comer of the square — composed of 16 men — ^would thus be 
reckoned twice; consequently, if four times 16 be added to 
the entire number of men, then a fourth part of the whole will 
correctly express the number in each of the sides, and there- 
fore a fourth of this the number in the front row. 

9«-633 + 64 9j?-569 
.'. Tg = — jg — =:^j?+ 1 by the question, 

9«-685 
.-. — jg — =x/* ••. 9*-586:=:16v^j? .•• 9j?— 16V*=585 

1^ / ^_5329 . / 8_ 78 

.«. >^jr=9, .'. «==81 .-. 9«— 36=693. 
Hence the number of men in the wedge was 693. 

(19.) Let X be the number of pounds contributed by a, 
then 100— X is the number contributed by b. The. profit 
awarded to a is 99— jr, and to b, 99-100+'* by the ques- 
tion ; also (see solution to Question 11), 

3jr + 2(100— d?) : 98 (sum of profits) : : 3a? : 99— ;r, a's profit; 

that is. dr+200 : 98 : : 3jr : 99— jt 

.-. (jr+200)(99-jr)=294j? /. j?3-|.395j.= i98oo 
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285225 



.'.i^-^SSSx^ 



/396\2_2852! 



395 485 ,, ,^^ 

.-. «+-2-=±"2" ••• *=45 •*• 100-«?5=55. 

Hence the oontributions were £45 and ^55. 

(20.) Suppose the rates of marching were s and x+} miles 

an hour; then Che respective times of completing the 39 miles 

39 39 

are — and — tt; hours ; and by the question, 

39 _J2^ 39 156 

.-. 156^+39-4*2-.j.= 156 .% 4j»+*^89 

.•. ""^+4+64- 4 +€4"" 64 
1 25 

Therefore the rates were 3 and 3^ miles an hour. 

(21.) Suppose a dozen of sherry cost x pounds: then for 

10 
^10 there were — dozois ; and, by the question, for £6 

10 
there were -^ —3 dozens of claret, so that the price of I dozen 



was 6-4- 



/lO \ 6* 

I -^ —3 1, or Tq3q~« Consequently, by the question 



72s 



7g4- ^Q_3^ =s5Q /. 70*-21*2+72*=600-loOjF 

.-. 21»8«29ar^-50O 
292 /146\^ 21316 500 10816 



• «*— 77r*+ 



iW 



21*"*"V2l7 '""2P~""21 " 21« 
146 104 _ 250 Ss 

•■•'"" 21 ""±21 •••'-2 or 21 .\ ^^_^^d. 

Hence the sherry was £2 per dozen, and the claret £3. 

(22.) The first arranffement of the troops was evidently 
into two squares, since there were as many ranks in each as 
men in front. Let « be a side of one square, and y a side of 
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thf odier : ttien j^+y* ezpveBses the number of men. In the 
second amuigement, the men in the square a or «* had ^ men 

m front ; hence, -thje m^nber of ranks was -- ; in lik^ manner, 

the number of nmks in die second arrangement of th6 square 

B or y> was - : by the question, b6th these numbers together 

make 91 : hence we have these two equations ; namely, 

«+y=84, -+^=91, or«»+y«=91«y. 

Substitutmg 84-y for *, (84— y)»+y«=91y(84-y) ; 
that i8,84«-3 . 842y + 3 . 84y2=9i . 84^-.91y». 
Or dividing by 7, 

12 . 84»-3 . 12 . 84y+3 . 12y2=18 . 84y-13y3. 

Transposing, 49y»-49 . 84y= - 12 . 84* .". y2^84y= - 123 

.-. y»-84y+423=:422-12»=36 

.'. y— 42=s= + 6 /. y=36, or 48 /. «=84— y=48, or 86. 

Consequently, the number of men in a side of the square a is 
36, and the number in the side of the square b is 48 ; or the 
conditions will be equally satisied if 48 be the number in the 
side of A, and 36 the number in the side of b : the number of 
men in the square columns are, therefone, 86' a^ 48'; that is, 
1296 and 2304. 

(23.) Let «^ represent the number of pounds in a's capital : 

then, by the question, a gains 11— dr, which is at the rate of 

lOO(ll-ar) r«,. , ^ 

per cent. This, therefore, expresses b s capital ; 

and since ^36 is his gain, b's gain per cent, must be 3600-h 

100(11-*) ses , , , 

ss-rz — ; 80 th»t, by the question. 

100(11-*) 144* ,_„, ,, 

—^ — ^=rrr, ••• 100(1 i-*)«=i44*« 

.-. 10(ll-dr)=124? .'. 22*=:110 .-. *?=«, AVcapital 
••. ~^ =£120, b's capital. 

(24.) Let * represent the number of men in front at first, 
then the number in depth was *+5. But after the appear 
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udoe of the enemy the nuinber in front was 1^+845, and the 
number in depth 5. The total number of men being the same 
in both arrangements, we have 

«(j?+5)=5(*+846) .-. ««=4225 .'. *=65 
.*• ir(ir+5)=65 . 70=4550, the number of men. 

(25.) Let 6«r represent the whole number of gallons, then 
by the question there were 3jr+25 gallons of wine, 
and 2x— 5 „ cider 
.-. 6«=5j?+20 /. j?=20. 

Therefore, there were 3^+25=85 gallons of wine, and 
2x— 5=35 gallons of dder. 

(26.) Suppose the number of feet in the base to be ir ; then 
the number in the hypotenuse is «+6. And therefore (Euc., 
47 of I.) 

(;r+6)2-«8=perp.2=(x+6-.3)2=(« + 3)2; 
that is, 12j?+36=12(j?+3) = (*-f3)« .'. 12=*+3 /. «=9. 
Hence, the base is 9, the perpendicular jf+3=:12, and the 
hypotenuse ;r + 6 = 1 5 . 

(27.) Suppose the left hand digit to be jp, and the right 
hand one y; then the number is expressed by 10j?+y; and, 
by the question, we have the equations, 

(10*+y)*=46. and («+y)«=10. . . . (A). 

Subtractmg the second from the first, 9«2=s36 .'• xss2 

6 * 

.*. (A), 2(2+y) = 10>.*. y=^=3: hence the number is 23. 

(28.) To avoid fractions, suppose a's stock was 4Qr, then 
by the question, 20«+ 100 was b's stock, and 3^+15 was a's 
gain; consequently, 100— (3* +15) =86— 3* was b's gain. 
And as the gains are as the stocks contributed, we have the 
proportion 

40* : 20r+ 100 : : 3*+ 15 : 85-3jr, 

or 2jr: « + 5 : : 3jr+15 : 85— 3jr 

.-. 2*(85-3*) = («+5)(3«+15) 

or 170*-6«»=3jp«+30j?+75 .-. 9j?»— 14ar=-75 

140 /TOy^/TOy 75 4225 
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70 65 .5 

Rejecting the second value, we have 

40jr=£600 a's stock; 2ar+100=£400, b's stock 
dx+l^=£60, a'b gain; 85— dx=£40, b's gain. 

(29.) Suppose B went 2x miles a day, then a went 2jr+8, 
and, hj the question, they met in « days. Consequently, the 
part of the 320 miles trayelled by a was 2j?^+8x miles, and. 
the part trayelled by b was 2j^ mues ; therefore, adding these 
parts, 

4jra+ar=320 .-. 4«8+8*+4=324; 

that is, (2*4-2)»=324 .-. 2*+2=±18 .'. j?=8 

.•• A went 2*+ 8=24 miles a day ; and b, 2j?= 1 6 miles a day ; 

a's part of the distance was 2jr^ + 8«=192 miles, and e's 

2x«=128. 

(30.) Let X and y be the depths in feet : then the side of 
the square base of the former is y, and that of the latter x. 
The capacities of the vats are therefore xy'^, y:^ ; and by the 
question, 

4 
jy2=y*8-h20. and 4xy^ = 5yjfl .-. x=^y 

•'• 5^^=26^+20 .•.25y»=20 .-. y«=53 .-. y=5 .•.*=^y=4 

Hence the depths are 5 feet and 4 feet. 

(31.) Let the sum of money be represented by tfix, and for 
a write nH ; then, after a's deduction, there remains 
tfix-n\x'^b)=n\n- l)x-ifib. 
After b's, ii2{(«- 1)*-6} -«{(»-. l);r-ft}-ii«i= 

«(« — l){(ii— l)jp— ft}— n^ft; and after c's, 
ji(«-l){(ji-l)*-6}-ii»ft-(ji-l){(«-l)*-ft} 

+ nb—nH=0; that is, 

Sn* — 3f| 4. 1 
(„-l)«x-(ii-l)8ft-2a8ft+«ft=0 .-. g=— r _j.3 b. 

^ .«..,«, . 3«2— 3«4-l 

Hence, puttmg -5 for b, we have for the sum nrxzs _. 3 g» 

G 5 
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(32.) The first remaiiider is evidently « (l —- j : 
the second is a 1 1—- j f 1 — — j» 
the fourth is a M -- j ({ -- Y, 
the sixth is a ( 1 — ) 1 1 — j . 

And generally the 2pth is a ( 1— ""j ( 1 — ) • 

This is the remainder left after 2p days' journey, so that a 
diminished by it is the distance gone over in 2p days ; that is, 
the distance gone over is 

Inkqttalitieb (Page 103). 

(5.) Taking the square of each, we have to consider 

17 + 2V70 and 21 +2^57, 

or 2^70 and 4-f 2 v'S?, or ^70 and 2+^57, 

or squaring, 70 and 61+4>^57, or 9 and 4-^67. 

The latter quantity is evidently the greater, so that 

V3+V'19>V7 + V10. 

(6.) From the first inequality, 4x— 7< 2«+ 3, 2*< 10 .*. *< 5. 

From the second, 3j?+1>13— «, 4jr>12 /. x>3. 
And the only integer less than 5 and greater than 3 is 4. 

a + 5 2ab 
(7.) The expressiona "W^* TTT in a comuKm denominator 

*'* Q/ j.A\ * n/ . XX : hence we have to compare a*+b^ 

and 2ab, or (a^b)^ and 0. The former is always the greater 

except when a=6. 

.^ Again, the expressions a*-f A*, 0*6+0** are unequal only 
<when o and b are. Let a>6, that is, let o=6+dr; then the 

expressions to be compared are 
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(6+*)*+**, and (6+*)<ft + (6+*)ft^, 

or 2A»-h5A**+106»jp»+106V+6A**+**, 

and ft»+4A<«+6*»*»4^46«ie+&r<+**+6*«, 

or 468*34. 63Ji;p8^4ft^+jp5 and 0, 

of which the former is the greater, m and b heing regarded as 
positive. 

(a*— 6*)(a— 6). Now whether a be gp'eater or less than 6, 
these two factors must have the same sign : therefore, the first 
member of the equation must be positive •*• tfi-^li^^a^b+^b\ 

(8-) Since 8(««— « + 1) -(«H« + I)=2n2-4a4- 2=2(«- n* 
is a positive qoantitj, except in the single case »= 1 

.-. 3(a«-«-hl) >»«+« + 1 .-. ^4.^^| >3- 

Again: 3(a>+it+l)-ii?-«i+l=2ii^+4a+2s2(fi-M)S is a 
positive quantity, except in the single case a=— 1 

.-. 3(«8+«+i)>ii'-ii+i .-. jqr+i^®- 

The extreme limits of the real values of the proposed fraction 
are therefore 3 and \ : whidi extreme values are furnished by 
»=: — 1, and 11=1 : for all other values of ii the fraction lies 
between the limits 3 and \, 

Proportion, Variation, &c. (Page 114), 

3 4 27 28 
(1.) y» 9=63' 63 •'• *^ greater ratio is 4 : 9. 

2 12 8 
(2.) 9 ><'r=Y5 **' ^ compound ratio is 8 : 15. 

(^•) 6? ^ "iT ^ 2t?^ 4ji •'• ^® compound ratio is m : 4«. 

(4.) The expressions to be compared are s — y and («*— y^)^9 
or jri+y^ and jc^—y^, the former of which exceeds the latter 
by2y4. 

(5.) Since A varies as B .*. A=rmB. Similarly BsajiC 
;*. AsmjiC.; that is, A varies as C. 

Digitized by LjOOQ IC 



132 PEOPORTIOM, VARIATIOMy XTC. 

,. . ^ a c tna fne 

(6.) It aib::c:d, then t=t .'. -r- ±« = 'j"±«- 

AlBO,^±J=^±J. 

Hene^ ^Tiding the former equation by this, we have 

ma^ mc^ ConsequenUy. 

pa±qb pc±qd 

tna±nb :pa+qb : : mc±^nd :pc+qd. 

(7.) These are the same as the equations 

*=y4-12 and 5V«y=2(*+y) (A). 

Squaring the second, 2o4y=4(«+y)^. 

Also from the first, 4 . 12«=4(a'-.y)«. 

Subtracting, 25«y— 4 . i2»=16«y .'. 9«y=:4 . 122 .., jpy— 64 

.•; (A), 20=«+y, and 12=J?— y .*. «=16, y=4. 

(8.) Here we have to compare 

^(a«-.j8)-f. ^(a8-(a-6)2} and a. . . . (A), 

or y/{a^^{a^b)^} and a-^s/if^-^V) ; 

or squaring, 2aft— 6* and 2a*— 2tfv^(a*— ft*)— 6*, 

or b and a—y/(a^ — l^), 

or («»-68) and (fl-ft)^ or 2ab and 26«, 

the former of which is the greater, because a>6: hence the 
first of (A) is greater than the second. 

(9.) Put y::snup, then by the conditions 10=2m 
/. m=5 .*. y=5;r. 

(10.) Let 8« be one number, then 2x is the other; and by 
the question, 5sx 64^^=12(9^:'— 4af2) ; that is, SOdT'sGOr^ 

.*. «=2 .'. 3x=6 and 2dr=4. 

(11.) Put y»=m(a2-*2) .-. when «=0, ft^swa^ 

b^ ^ 

.•.m=^.-.y«=jj8(aa-jp»). 

(12.) These are the same as the equations 

(^s^^, and *^(c+*)=a^(rf+y). 
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Cabing the second, 6'(c+«)=a*(<'+y)* 

Sabtracting the first, b^c^tfid. 

Multiplymg this by the first reversed^ tflbi^cys:§filfitUe ,\ dx=cy. 

(13.) Let jp be the first number and y the common ratio, 

then the three numbers are x, xy, and xy^ ; and hj the question, 

*+J7+«y'=52....(l). 

Also j?+ J7» : «y : : 10 : 3 .-. 3(x+«y»)= lOay. . . . (2). 

From the first, jr+jry^s=52— «y. 

Substituting in the second, 3(52— a7) = 10iy 

.'. jy=12, the mean or second number 

40 12 1 Otf 

.-. (l),*+«y«=40 .-. 1+V»=y ; but*=y /. l+y«=-/ 

„ 10 ^10 25 16 

.-. y8— gyrr-l •••r— yy +"9 = 9* ••. y=3, or \ 

12 
/. a«=---=4, or 36 : hence the numbers are 4, 12, 36. 

Arithmetical Progression (Page 121). 

(1.) 8=1+2+3+4+ +«=|«(»+1). 

(2.) 3(3+5 + 7 + to ten terms). Here a=:3, rf=2, ji=10; 
.-. S=3ii{a+K«-l)<'}=30{3+9}=360. 

(3.) Here a--^, ^=^5""2~"6* "=2^' 

, ... ^ 19 16 2 

.../=a+(n-l)rf=2-g-=-g=-23 

« «. ^ /I 2\ 130 2 

S=2(« + /)=10(2-23J=— ^-=--213. 

(4.) Here a=l. rf=7, iislOO; 
.-. S=ii{o+K«--l)<'} = 100{l + 346i}=34750. 

Ill 1 

(5.) Here 0=3,^=^— ^ss— j^ ii=l2; 

...S««{fl+«ii-l)rf} = 12{5-^}=4-5i=-.li. 
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(6.) Herea=7,rf=5i-7=-li,«=9; 
.-. /««+(»- l)rf=7- 12=5: -^5. 

7 2 7 1 

(7.) Here a=Y2, rf=g-j5=j2,«=24; 

^ ,^^ 7 23 80 1 

S=§(«+0=12(f2+7-2)=^^- 

(8.) Here we have the equation 

/=a+(»— 1)<^; that is, 17=3 + 28(;, tqfind c^; 

14 1 
.'. rf=— =- .«. the series is 3, 3J, 4, 4^^, &c. 

(9.) Here a=l, rf=8, ii=100; 
.-. /=a-h(ji+ 1)^=1+792=793. 

1 3 11 
(10.) Here a=^ rf=---=^. ii=10 ; 

.•.S=»|a+^(ji~l)rf}=10|i+|}=16i. 

(11.) Here a=198, rf= -5, «=40; 
.-. S=« I a + ^(ji-l)rf} =40 1 198-^^1=4020. 

(12.) Here 0=5, rf=g-2=-3. «=20; 

1 19 35 5 
.•./=«-!-(«- l)rf=2-T=-6 =^6* 

1 2 17 

(13.) Here a=2,rf=-3-2='"6'*"^^' 
.-. S=«{a+K«-l)rf} = 13{i-7} = -84i. 

5 4 
(14.) Here a=y, rf=y, «=sii ; 

...S=-{a+l(«-l)rf}=«{|+?^}=?(2.+3). 
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(15.) Here ass 19 and n^5, also /s=d5, to find d. 

/=« + (»- Drf .-. 36=19+4rf .-. (1=4. 

Hence the three means between 19 and 35 are 23, 27> 31. 

Again : a^2^, fi=7, and l^\, to find d 

/=a+(«-l)d.-. 2|=2| + 6d.-. rf=— J. 

Hence the fiye means between 2f and f are 2, If, 1-^, 1. 

(16.) Here dsz5, ii=sl5 and S=600, to find a. 

S=ji{a+i(»-l)rf} .-. 600=15{fl+35} 

/. 403ca+35 .'«s5. 

(17.) S=ji{a+K»-l)rf} .•.40=»{7+»-l}=Ji»+6«i 
.-. »«+6a+9=49 .-. fi-|-3=±7 ••. a=4. or —10. 

(18.) Here a=3, a=10, S=165. to find d. 
S=ii{a+i(«-l)rf} .-. 165=lo|3+|rf}=r30+45rf 

135 
.-. rf=-^ =3 .'. the prog, is 3, 6, 9, 12, &c. 

(19.) Here «=2|, «=6, /=«J. to find rf. 
/=«+ (»-i)rf ... 6i=2J+6rf .-. rf=§5=|- 
Hence the four means, are 3^, 4, 4f , 5^. 

(20.) Here a=9, /=-*3> and 8=0, to find a and cT. 
S=f(a+0.-.0~(a-J).-.a=J. 

Also /=«+(«- l)rf .•. -3=3+ S^' ••• ^=^12* 

^ . ..111. 

Hence the progression is 3+1+^+ &c. 

(21.) Here a= — 1, a=5, /=15, to find d. 
/=fl+(«-l)rf.-. 15=~l+4rf.-. rf=4. 

Hence the progression is ^1, 3« 7» 11> 15« the three means 
being inserted. 
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(22). Here a=H. dss—\, and S=:6f, to find ». 



(¥H 



.-. ii»-21« = -110 .-. »2-21« + 

(23.) Two terms are interposed between 7 and 16 ; namely, 
the fourth and fifth : hence, bj inserting two means between 
these extremes, we shall find d, from having given 
0=7, 11=4./= 16. 
l=a+(n^l)d ,-. 16=7 + 3rf .-. rf=3. 
Hence the series is 1, 4, 7, 10, 13, 16, &c. 

30 
(24.) In this example, dia evidently ~~TT> and therefore the 

(j:— l)th mean — that is, the «th term — is l+(*— l)rf= 

30(«— 1) 
1-f iti > and the seventh mean, or eighth term, is 

210 
1 + 7rf= 1 H — r-7- And by the condition, 

•T-f- I 



210 5/ SOr-hSOX 



.-. 9(*+l) + 1890=5(d? + l) + 150;p-.160 
.-. 4(«+l)-15ar=-2040 .-. 146;r=2044 .-. «=14. 
Hence the number of means is fourteen. 

(25.) Let X be the first term, and y the common difference, 

then the progression is s, jr+y, dr+2y, and by the question, 

3;r+3y=10 .*. jp+y=8^, the mean term 

also (x+y)(*+2y)=83i •'• 3i(j:+2y)=33i 

/. d?+2y=33|^-i-3|=10, the third term, 

and 2(*+y)— (;r+2y)=6|-10=— 3^, the first term. 

(26.) Let the three numbers be «— y, x, x+y ; then we are 
to have 3*= 15 .'• «=5 ; also (*-y)»+**+(*+y)*=93. 
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The teomd eqnatioQ is 3jr'+ 2^^=93 .*. 75+ 2^^=98 
.*. y^=9 .'. y=3, and since «=5 ihe numbers are 2, 5, and 8* 

«»— 1 1 1 

(27.) In this example, a= =«— -,rf=r-, nssji. 

/=a + (ii-l)rf .-./=*--+ (ii-l)-=*+(ii-. 2)- 

S=?(«+/)=^{(*-^) + * + («-2)i}=:iw+?(»-3)J. 

(28.) Let the three numbers be x—y, x, x+y ; then we are 

to have 3x=24 /. «=8; also x(x^'^f)^4B0. 

Substituting the first in the second, 8(64— y^) =480 

.-. 64-y8=60 .-. y2=4 .-. y=2 

.*. the numbers are 6, 8, 10. 

(29.) Here a=:n^-n+l, rf=2, n=ii. 
S=«{a+i(»-l)rf} .-. S=Ji{j|2-»+l+«-l}=n3. 

(30.) Let the numbers be *— 3y, *— y, a?+y, «+3y ; then 
we are to have j?^— 9y'=27, and i^— y^=36. 

Subtracting the first from the second, 8y^=8 .*. y=l 
.*. x^=36 .*. «=6 : hence the numbers are 3, 5, 7, 9. 

(31.) Here /=« + («— l)rf=m, and /^=a+(m— l)rf=:«. 
Hence, to determine a and d, we have the two equations 
« + («— l)rf=»i 
a-f (m— l)rf=n. 

Subtracting, (»— m)rf=m— « .'. rf=-— -= — 1 

/, a=m— (ft— l)<f=:m-1-n—l. 
Put now Hj for the required number of terms, then 

.-. i(m+ji)(OT+n-l)=iii{m+Ji-l-i(jii-l)} 
.-. » »-(2m+2n-l)iii+(m+ii)(m+«-l)=0. 

A mere inspection of this equation shows that the sum of 
the factors of the last term, taken with opposite signs, forms 
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the coefficient of the second term ; therefore (Note, p. 60), 
the roots are n|=sm+ii» or ii^=m+it— 1. 
For the last term we have, since d=: — 1 , 

/asa+(»,— l)rf=m4-«— 1— »»— H + lasO, 

.or =»i4-«— 1— w— «+l-|-l = l. 
(32.) Here a=4, ii=60, /=88. 

Sa^(a+/)==30(4+88)=2760*feet. 

(33.) To find d in the hist example, we have 

84 25 
/5s«+(ii-l)rf /. 88=4+59rf .-. rf=^=lg^ feet. 

To find the time occupied in travelling 5280 feet, we have to 
determine n, the number of seconds, from the equation 

S=ii{a+i(«=:l)rf} .•.5280=«|4+|5(«-1) } 

.-. 5280x59=236«+42«2-42» 

.-. 42ii2-hl94»=5280x59 

J 97 2640x59 
.'. n + 21*— 21 

97 /97 V 13093249 



©= 



.-. ««+2Y«+V^42y - 422 

V13093249-97 3521-46 

••• «= 42 = ~42~ """^^^ 

=83*86 or 83|-j- nearly. 

ft 3a^ 

(34.) Here l=4a .-. 8=2(^0) ; hut S=-^, and n=id; 

^ 3o' n 3a 

.-. /=4a=a+(»-l)2«, S=-^=2(^a) .'. «=yQ 

/3a \8a 
•*'^"=^"^Vl0"^yT 
/3fl \1 

.-. i=( 10"" Vs •'• ^^=^« •'• ^=20 
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.*. the BerieB is 20, 32, 44, 56, 68, 80. 

(35.) SuppoM that b comes up to a in ir days after b starts, 
then B will nave travelled ^ days, and have ffone over dtuf 
miles. This, therefore, will he tne distance a nas gone over 
in *+4 days. 

S=«{a+J(a-l)(f} .-. 9ar=:(*+4){fl+i(*+3)fl} ; 

that is, 9a«sadr+4a+i«r' 4* 2^ + 6a 

9 
.-. ^«?=i^+10a .•.«8-9«=5— 20 

81 1 9 1 

.-. *8--9*+-J-=4 .-. *-2==±2 ••• »=-♦» o«"5. 

Note. — ^It thus i^pears that b will come up to a in 4 days ; 
will accompany him, and then he left hehind oy A at the close 
of the next day's journey : thus, 

a's journeys, a, 2a, 3a, 4a, Bo, 6a, 7a, 8a, 9a 
b's „ 9a, 9a, 9a, 9a, 9a. 

In this latter way, the example may he very easily solved : 
when B starts, a will he a+2a+3a+4a=10a miles in ad- 
vance. Four days after, a will have increased his distance 
hy 5a + 6a + 7a + 8a= 26a miles, making 36a miles altogether ; 
and B will have gone 9a x 4=s36a, the same distance. Then 
each goes 9a miles on the fifth day, reaching the end of that 
day's journey together; after wluch a takes the lead, and 
B never aeain comes up to him, for the distance between them 
increases by a miles every day. 

(36.) Suppose there were 2;r persons, and that the youngest 
paid y poundls ; then, since the younger half, consisting of » 
persons, paid 22x pounds altogether, and that the whole 2x 
persons paid 345 pounds* we have 

S= «{a+|(« -l)rf} 

22*= s{y^ii^ -1)5}.... (A) 

345=ar{y+*(2*— 1)5}. . . . (B). 
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Subtracting twice (A) from (B)^ 

345-44*=2;r| gxj =5*8 

44 
/. 5«»+44r=a45 .•• *8+y*=69 

, 44 /22 V 2209 -22+47 69 

••• '^+T'+ vyy ="25" • • '= — r~=^' ^'^ - 5 • 

Hence 2jf=10, the number of persons. 

(37.) The sum of n+l terms is 

S=(ii+l){a+i«rf} = (ii+l)(«+H) 
.-. a+ifu[:=n+l\ .'. a+»rf=2n+2|-a. . . . (A). 
The nth term is a+ (ft— l)(f ; that is, substituting (A), 
nth term =2)i+2|— (a+(Q=2ii + 2|— second term. 
But the second term is given by putting 1 for » in the expres- 
sion for the sum of »+ 1 terms, and then subtracting the first 
term, or what that expression gives for ii=0 ; namely, 1^ 
.-. «th term =2» + 2|— 3j=2(«— |). 
Note. — The example may be solved otherwise, thus: 
putting 11=0, the first term is 1|-: putting fi=l, the sum of 
two terms is 4} : hence we have a= 1 j^, (^=4)^24= 2, to find 
the expression for the nth term, which is 
li+ (11-1)2=2(11- J). 

(38.) Putting 1 for n, the first term is jv+j ; putting 2 for 
n, the sum of the first and second terms is 2^+4^. Subtract- 
ing twice the first from this, we have d=:2q : hence we have 
«=i> + y, d=2q, «=m 
/=a + (ji— l)rf=;>-fy+(OT— l)2j=pJ-(2m— l)j. 

(39.) The proposed expression is the sum of ii terms of an 
arithmetical progression: hence, putting »=1, the first term 

is -j : putting fi=2, the sum of the first and second terms is 

12 

Y ; therefore, subtracting twice the former from this, we have 

2 
<f s-r. Consequently, the series is 

5 2 4 

^, 1> l-» l-> &c., the parts required. 
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(40.) Let « be the first term, and y the common difference ; 
then, putting /=a, b, and c, successively, we have 



«=*-h(p-l)y1 a-b=z(p-q)y^ a^b p- 

c=*+(r-l)yj ft-c=(j~r)yj ^ ^ 9" 

/. (j-r)a-(j~r)A=(;>-j)6-(p-j)c 

/. (y-r)a + (r-/i)6+Cp-j)c=0. 

Geometrical Progrbsbton (Page 133). 

(t.) Herea=8, r=2, )i=s6; 

r»— 1 2«— 1 
••• Sss a^_^ =s3— ^=s3 X 63=189. 

(2.) Herea=5, r=4, ii=6; 

r«-l 4»-l 

.-. 8=0 r =5—5— =5X341 = 1705. 

r— 1 o 

3 2 
(3.) Here 0=^. r=g, a=6; 

r^-1 8 (^3/""^ _1995 3 17 
•*• ®-«r-l ~2 1 729 ^2~^162* 

""3 

2 
(4.) Here a=9, r = — g, «=8; 

/ 2V 128 
.../=ar--i=9(-3J=-2^. 

(5.) Here a=3. r=g, «=6; 



6/ "2592 

(6.) Hei«a=l, r=— 2, ii=10; 

^-1 2'»-l 
.•.S=a— i-=— ■3-=-341. 
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(7.) Here a=21,T= — y, 11=5; 

AndS=-j:ri = --(7ir343 + 2V-^-7 
50424 6303 129 



■8x343-343 



1 3 

(8.) Here a= — g* ^^"s' ""^ ' 






4 /5\n-i 5«-« 



.«x ,T 4 5 , , 4/5V-1 5 

(9.) Here fl=g, r=2, «=« ; .*. /=»— * =s^ ^.^^ =^ 

r/--fl_/5 5;|^« 4\ 3 5**- 2* 
^""r--l""V2 ' 2«-«^5/"*"2"~5.2«-«^ 



-2« 2 
3 
1 5»-.2« 



15 * 2»-« 
(fO.) Here a 



3 5^^ f-1 3 (e/""^ 



U5y 6t ^^ 
e/^sJ-ioTe* 



s= 



68-58 

1 

1288991 



466560 

1 

1 1 „ a 4 1 

(11.) Here a=j, r=— j.-. S=,y3j:=5=5- 

4 

1 ^ fl 1 2 
(12.) Here fl=l, ras-^ .'. S= j3j:=5=3- 

2 
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2 a 2 

(IS.) Here a=s2, ra—g .-. 8=^3^=5= 1|. 



' 1 a di 2 

(14.) Here fl=-3i, rrz-jj.-. S=y3;.= — ^=-2^5- 



(15.) Here a=:i and m^=l28=:^ .-. r= ^256= ±4. 

Hence the means are ar=Hh2, cr^=s8, ar'= + 32, 

(16.) Here a=5^ and flr»=1080=5r8 /. r= v^216=6. 
Hence the two means are ar=: 30, ar^=; 180. 

Hence the three means are ar== + 3, ttr^=z 1, cf^= +-• 



Again ; a=9, and af-*=Sq=9i-* .*. r= v^q5-=±c 



(17.) The conditions are S=r— ;=;2, and c+«r=l^. 

Front the first, ii=2— 2r .-. 2— 2r+2r— 2*^=1^ 

„ 1 1 

.-. 2r3=2 .-. r=±2 •*• fl=2— 2r=l or 3. 

Hence the series is either 

1 1 « -.33^ 

1 + 2+4+&C., or 3-2 + --&C. 

NoTS. — Since the sum of either series is 2, it follows that 

1 + 2+4+ ^^*' *® infinity = 31 I— 5+2" ^®* *® infinity, j 

And, generally, an infinite decreasing geometrical series, whose 
terms are all positive, is equal to me same series, wiUi signs 

1+r 
alternately positive and negative, multiplied by-r3~ ; for this 

fraction evidently expresses the ratio of the two sums. In the 
present example, r, in the series 1+i+i, &c., is ^; and 
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1+r 3 2 
therefore 73-= « ^ T = ^» ^ *^^ ^® series is three times the 

series 1— |^+i— &c. 

(18.) Let X be the first number, and y the common ratio; 
then by the question, 

*y=64, and «»+*y +«y=584. 
From the first of these, 

64 4096 

y'=-8 •••y*="jr'* "*d *^® second is 

4096 
«»+64+-^=584 .-. «» + 64^+4096=584«» 

.-. jf»-520j^=--4096 /. jf»-520;r»+ 2608=63504 

.-. «»-260=±252 /. j»=8. or 512 

4 1 

.•. j?=2, or 8 .•. y=-=2, or 5- J 

hence the numbers are 2, 4, 8. 

(19.) Let Z represent the sum to infinity ; then 

0^0— ^» and 2 = j3j: 

a r»— 1 /1\-^ 

... — =2«;^ ... -1=2(.--1) .-. r^{^y. 

(20.) Let the numbers be x, y ; then the arithmetic mean 
is ""n^i uid the geometric mean is >/jy ; and by the condi- 
tions, 

i(*4-y)+A/^=13i . ..^«.i5 ^xv=6' 

i(*+y)-v'^= H • •'+y-*^' ^*y-^ 

^•. («+y)2-4j;y=(j?--y)2=225-144=81 .'. ar-y=±9 
/. x=3, y=12; orjp=12, y=3. 
Hence the numbers are 3 and 12. 

(21.) Suppose the leveret runs ^r yards before being caught ; 

then the greyhound runs lOOx .*. 100^=100+ J? .*. 99x=100 

.'. x=l^ .•. 100+jp=101^, yards run by the greyhound. 

(22.) Let p represent the population at any period, and r 
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the rate of annual increase; then p(l+r) is the state p^ at 
the end of 1 year; p,(1 -f r) 3=p(1 -i-r)' is the state p, at the 
end of 2 years ; and so on. Hence, generally, the state Pm at 
the end of n years is p(l+r)*. In the present example, 
p= 10000, and i»=:4 ; and the condition is that 

^14641 11 1 

10000(1 +r)*= 14641 /. l+r=— j^— = jq /. r=j^* 

the rate of annual increase, 

(23.) The first two conditions are 

«=rai*+f-l, and H=zar^9'-^ 
.-. »wi=a^r^-' .•• \/mn:=^arP'^, the/ith term. 

Also — =sr^«, and -^=aH-* ; but from the first of these, 

The next two conditions are 

.=;^.=P-H(DF-i...*r-'».p(|^m)F;» 
Q jj»-f=( q;j2^ jp^, the nth term. 

(24.) The conditions are that — - — ~"~2~ ^s/^ 

and mb+nb=z2by/abj' ^"^^"^^ 

.-. m(«-*)=W(«-V«*)5=»2ftA/«(^a— V*) 
2bs/a(s/a--y/b) 2b Va 
•*•"*" u-^b ^^Mi-^A' 

In like manner, by eliminating m instead of n, we should find 

2a^b 



n=i 



Va^^b' 



as is .sufficieBtl}^ obrious witho«t «xeeiiting any work, for the 
foregoing equations remain unaltered, though m and n be 
interchraged, fprovided we Interchange a and o. 

H 
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(25.) S=a+ar-|-ar3+ &c., ad. inf.sy^;^ 

r--l 

to n terms =c r 

r— I 

«»=c2-|-a^r2+flV+ &c., ad, inf. ='YZ^ 

Q9 o a\\^r)^ a ^{\^r) ^ fl8( i-Hr)4-a«(l -r) 

^■■*^- (l-r)2(l-hr) '^+*'- (i«r)8(l+r) 

of /S«-«2yi 

.*. Sum to j» terms =S < 1— I gg , o ) > . 

Harmonical Progression (Page 138). 

(1 .) The extremes of the harmonic series being 2 and 4, 
those of the arithmetic series are \ and ^. 

/=sa+(n-.l)rf .-. 4=2 + 3rf .-. ^=-12' 

5 1 

Therefore the two arithmetic means are Tq '^^ 3 • l^^nce the 

12 
harmonic means are -g-=2f, and 3. 

12 
(2.) The extremes of the harmonic series are 4 and -y * 

1 7 

those of the corresponding arithmetic series are 7 and t^ 

7 1 1 

/=r«+(n-l)rf .-. 12=4+^'' •*• ^=^12* 

Therefore the three arithmetic means are «» Tq* "*^ o * 
hence the harmonic means are 3, 2\, and 2, 

(3.) To find the arithmetic mean, we have merely to take 
half the sum of the extremes ; that b, i(3|+ li)=:2^V- "^^ 

1/8 2\ 
harmonic mean is the reciprocal of ol 27'^3 ) * '^^^^^ ^ 
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•^7 «, ^ , . //27 3\_ 

Yq=2^; and the geometnc mean is a / I -g- • o l"~ 



v^ 



Ig=±5=2i.or-2i 



(4.) The extremes of the arithmetic series are 5 and 11. 

ll=5+3cl .*. dss2 .*. the arith. means are 7 and 9 

.*. the harmonic means are ^ and ^. 

2 7 4 
(5.) The corresponding arithmetic series is q> tt» r.* 

2 7 8 
where the common difference is «— 15= TI '» hence the conti- 
nuation of the arithmetic series, to the extent of three terms 

^ . 19 16 13 ^ , 1 2 5 
each, IS yr. j^. ^> ana ^. --. --. 

Consequently, the required terms of the harmonic series are 
T9' it' lA'-'dlS. -7i.-3 
(6.) Let the numhers he x and x+S: their harmonic mean 
is the reciprocal of 2(-+^t^J=^ by the question, 

10 
.-. jp+8+jp= jJp(j?+8) .-. 10j?2^62jp=72 

1681 
100 
31_ 41 

io""±io ••*""*•''* "'«• 

Hence the numbers are either 1 and 9, or — 7f and f • 

(7.) Let the first term be x ; then the series is 
X, 2, 4^-*, 
and the corresponding arithmetic series is 

1 1 1 1 36 

7 2* 4^-* •'•«'*" 144 -35*"^ 

.-. 144-35*+ 35«= 144* -35r» 

.-. 35*>-144»=-144 

h2 
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62 /31Y_72 31* _1 

'•*^+10'+Vl0/ ""10+100""" 

31 41 
.-. «+7o=±To .-. *=1. or -7f 
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144 /72Y /72y 144_144 
•'• '»^-*" 35''"**V35y ^35/ "" 35 ""85» 
72 12 

Hence the «eries is 2|, 2, If, or this reversed. ^ 

(8.) Let X and y be the numbers, then the arithmetic mean 
is ij^x+y), and consequently the harmoniamean is 
12f-i(x+y); also, 
i(a^+y)-12|+i(*+y)=*+y-^l2t==lf ...(A), 
Now, since an hannonk mean is twice the product divided 
by the sum, 

...^=12|-i(*+y)....(B). 

From (A), *+y=14 .-. (B) is r^=12|-7=5| 
.-, ay=40 .'. ar=10, y=4. 

(9.) The geometric mean is ^/xy, and the harmonic mean 

OjM 2jy 9t 

is ^ ; and by the question, — =- V*y 



, 1 4m«-2n« . 4w»-2n» 

4m«-2n' /2m*— n«\» 4m*-4mV 



2m«-»* 2m 

.-. * ;?- =1? VC"'-"*) 

, 2m»-n8+ 2m V(m»-i^ m + V(m3 - n^) 
••• *=«~ ^ m— V(»»*— »•') 

that is. « : y : : m+ VC"*'-"') ' m- VCw'-n*). 
«.i • . *i«. . *"^y -- Adding and subtracting 1, 
(Vg+s/y)» _m+« (Vx-Vy)' _ m-n 
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Dividing, ^j^^y =/\/^Z^ ••• ^y ^^e principle at p. 37, 

Vj \/(w+ii)4-V(m-a) 
V'y"'V(w-|-ii)— v^(w— ») 

(10.) This is what is called a recurring series s it is a parti- 
cular case of the series generated by the development of the 
fraction 

1+^ Rem. 

Y3^j3^=l + 2*+3j?«4-6*»+&r*+ &c -f ^^^,^ * 

The sum of n terms of this series, in the case in which x= 1 , 
may be ascertained as follows c 

1 + {r+i^} + {Kr+O +r'«} + {r(r»+rr'+r'«) +1^8} +&c.(A) 
In order that this may correspond to the series^ 

l + l + 2-h3-f^5+8+&o (B), 

we must have r+r's=l,r+r'»3=9; that is, r+(l— r)'w2 

It is obvious that the conditions 

r+rf=:l, r»+rr'+>'8=2, involve also rr'rs-l, 

which results from subtracting the second from the square of 
the first. These conditions render the two series (A) and (B) 
identical ; for the first three terms in (A) are thus made to 
agree with those of (B), and any following term of (A) is the 
sum of the two immediately preceding terms : thus, taking the 
fourth term, 

(1— r')(r2 4.rr'+r'2)+r'3 

since rr'zr— 1 : so that the fourth term is equal to the sum of 
the two preceding terms ; and so of the others. Now, it is 
easily seen that the sum of n terms of (B), if increased by 1, 
will be the it + 2th term of the series (see Note below). 
Consequently, to find the sum of n terms, we have onl^ 
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scjxnet 1 £m die a^Si^ tent. IW a+Sdi torn is aea 
above to W 

KoTK. — Thst dds fwiy e iti is gcBml for all aencs ia wluck 
aar tiens is Uie saoa of ^btt t«o lenas imMB&iirihf pncefia^ 
■Htr Wpfoi^as ibuows: 

I^«,--«,-^«,^«^-^ «.H-«^i+«iH^i+ 

beaar sadi acnes: dtcB the ecai£iaaBS are 




Hcnec^ bj adfitioB ai 

r^if&be dK aaBofatmasartlK 



If tbe kv do not eoBDiimce till dK diird ton. Aoi 

Bdtoidai. SuKiia (F^ 142). 

(1.) Aaaame x/(2+ ^3)= V+\/y 

.-. 2+ V3='+y+2v/*jF .-. *+y=2, and 2V'iy=\/3 

.-. 4*r=3 .-. (jr+y)*— 4jy=4-S=l .% *-y=l 

Again: aswiiie V(8+2V7)=x/jr+v/y 

.-. 8-|-2v^=^+3r+2>/iy .-. *+y=8, and 2x'^=2x/7 

.-. 4jy=:28 .-. (*-|-y)*--4iy=64— 28=S6 .-. *-y=6 

.•.r=:7,|r=:l .-. -/(8+2^/7)=L+v^. 
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Lastly; as8ttme(4— \/'^)=\/*-"\/y«*'4-\/7=s*+y— 2v^jjy 
.'. d»+y=4 and 2^xy= V7 .'. 4«y=7 
••• (*+y)'—4j7= 16-7=9 .-. j?-y=3 

••• *=5' y==2 •'• ^(^■" ^^)== V 2" V 2' 

(2.) 1. Assume v'(8-2Vl5)=V*- v^y 

.% 8— 2v'15=a?+y— 2Vj:y /. j?+yc=8, and 2yyxy—2^l5 

.-. 4jy=60 .-. (a?+y)^-4j?y=64-60=4 /. x-y=2 

.-. *=5, y=3 .-. v'(8-2a/15)=v/5-\/3. 

2. Assume -v/(l-"W—3)=Va?—\/y 

.-, 1— 4>/— 3=a?+y— 2x/jry 

,«. d?+y=l, and 4^—3=2^^7 •*. 4jry=— 48 

.-. («+y)2-4jjy= 1+48=49 .-. j?-y=7 

...,=4,y=-3 .-. VO— 4v/-3)=2-v'-3. 

3, A88ume\/{l + \/(l— m*)}=-y/j?+Y/y 

.-. i+V(i-"»^)=*+y+^'^^ 

.-. j?-|-y=l, and 2v'd;y=V(l— "*') •*• 4*y=]— w' 
.'. (jr+y)^— 4a?y=l — l+m'=m* .•. j»— y=m 
l-hm 1— m 

.•.*=-2-,y=-2" 

/14-»» . /I— m 

4. Here 3V3-f 2V6=\/3 • (3 + 2V2). 

Assume ^iZ + 2V2)=s/x+^y .-. 3 + 2V2=«+y + 2V^ 

.', dp+y=3, and 2Vxy^2^2 .'. 44?y=8 

••• (*+y)2-4ay=9-8=l .-. j?-y=l /. ar=2, y=l 

.-. V(3\/34-2V6)=(l + \/2)^3. 

(3.) 1. Assume v'(14 + 8V3)=V*+\/y 

.-. 14+8V3=*+y+2v'j?y 

.-. *+y=14, and 2^/0^=8^3 .'. 4jBy=192 

/. (j+y)»-4^=196-.192=4 /. a?— y=2 

...x=8.y=6 .-. v/04 + 8V3) = v/8+ V6=(2+v^3)a/2. 

Assume V(2+ ^^3)=^/a?+\/y .-. 2+ V3=a?+y + 2Va?y 

.•• j?+y=2, and 2yJxy^\/Z .'. 4ay=3 
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17 1 

2. -^—4v'2=^17— 12^/2). 

AKome V(17— 12V2)=Vjr— Vjr 

••. 17— 12^2=*+y-2vW.-.x+y=17,aiid2V«r=I2fV2 

.'. 4j7=288 .-. (x-|-5)'-4jy=289— 288=1 .-. *-y=l 

.-. x=9. y=8 .-. V(17— 12V2)=:3- V8. 

Assume V(^~ VS)= ^'— Vf •'• 3— ^8=jr-|-y— 2-%/^?^ 

.*. ^+jr=3, nd 2V<>f = 'i^S .-. 4jy =8 

••• (jr+jr)*— 4gr=:5— 8isl .-. *— ys^U ••• *=a» 3r=l 

•• %/(3-V8)=V2-l .-. v(Y-4-/2)={-/2-l)^i- 

iMiNRXuciHAn CosmcmiTB (F^;e 145). 

*» ABC 

(1.) Assome (^_i)(,.2)=^TT+i=l+i=:2= 

A(^-l)(jr-2)^>B(x+l)(x--2)^>C(xa-l) 

(4r»-«l)(x-.2) 

.-. jr»=:(A+B+C)jf»-(3A+B)*+2(A-B)-C 

.-. A+B+C=l, 3A+B=0, 2(A+B)-C=:0. 

From the seccmd of ihese^ Bs — 3A .*. from the third, C=8A, 
80 that the first is 

A-3A+8A=1 .-. A=i.\ B=-|,C=|- 
Hence the fractions are 

I 1 4 



6(x— 1) 2(j?-l)^3(x-.2) 
l+2jr 

Multiplying by 1— «+^, we have 



14-2j? 
(3.) Assume Y3j;:2^=l+Ajr+Bj«-fC«»+ &c. 
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14-Aj?+B*8+Cjf»+Djr*-h &c.T 

.-. A-l=r2.'. A«3; B-.A-1=0.-. Bs=4; 

C-B-A^O /. C=7 

D— C— B=:0 .-. Dssll, &c, 

where each coefficient after the second is the sum of the two 

immediately preceding coefficients ; 

14-2« 
••• i::~^=l + ^+'^^+7^+Ujf*+ &c. 

(3.) Assume V(l +«) = !+ Ar+ Bor'+Cj?* +Dj?< + &c. 
Squaring 1+ ar= l+Ajr-h Bj?»+C«« +Dj^ + &c.-^ 
^^ , ,1 Aj?+AV4-ABj8+AC*^+ &c. 

••• 2A=1 .-. A=2 B*«+ABjp»+BV 4- &c. V. 

2C + 2AB=0 .-. C=-AB=^ 

^^ «.^ «, ^ 2AC4-B« 6 

2D+2AC+B2=0 ,-. D=- 



2 "8.16 



111 6 

••• v(^+*)=l+2*""8*^"*"T6**""l28**"*' ^" 
11 3 3.5 

^^=^+2^-^4^ + 27476^- 2.4. 6. 8^ -^ ^^' 

(4.) For the method of working this example, see the 
Appendix to the Algebra, p. 174. 

BiNOMiAii Theorim (Page 151), 

(2.) Here, only the first three of the coeffieients need be 
computed; namely, 

5-4 
1. '^^9 "^; so that 

(c-ar)»=c*— 6a^jp-MOa8*«-.10flV+5aj?*-;r*. 

7 6 21 5 
(3.) The first four coefficients are 1, 7, — ^» "^ 3"~ 

h5 
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(4.) The three leading coefficients are 1, 5, 10, as in Ex. 1 ; 

.-. (2«+ 1)*=(2«)*+5(2*)*+ 10(2«)8+ 10(24r)»+5(2») -f-l 
=32a*+80*«+8ar»+40r»+iar-M. 

(5.) (c+j?)-2=:c-»-2c-»jp4--^c-V-— ^c-»«»+ &c 
1/ 2x 3*8 4j^ ^ \ 

(6.) (l-^)*=l-i^ + ^4^*«-y^**+ &c. 

Variations, Permutations, and Combinations 
(Page 158). 

(7.) By permutation, Art. XXXII., |)=1 . 2 . 3 . 4 . 5=120. 

(8.) As 2 recurs functf, 3 three times, and 4 four times, we 
have hj the general formula. Art. XXXIII., 

1.2.3.4 10 5 . 6 . 7 . 8 . 9^ 10 

^""1.2.1.2.3.1.2.3.4"" 1.2.1.2.3 " 
5.7.4.9. 10=1260a. 

(9.) Here ¥4=^:8 . 7 . 6 . 5=s 1680, the number of changes. 

(10.) The number of variations of 2it+ 1 things taken »— 1 
together is 

(2»+l)(2n)(2ii-l).... {2ii+l-(ii~2)}, 
and of 2ii— 1 things taken n together, 

(2j»-1)(2ii-2).. .. {2«-l-(«-l)}. (Art. XXXII.) 

The last factor in the first of these expressions is n+3 ; the 
last factor in the other is 11. Hence, reversing the factors and 
dividing, we have 

(n+3)(n+4) . . . (2«~l)(2ii)(2n4-l) 2ii( 2ii+l) 
»(«+l)(«-h2) . . . (2J.-1) •j.(ii+l)(»+2)' 
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Hence by the question^ 



2(2»+l) 3 



t«-hl)(«+2)-5' 
.-. Sji't- 1 lff=:4. Solving this quadratic, we have n=4. 

(11.) By Art. XXXV., the number of combinations of n 
things taken r together is 

n(ii~l)(ii-2)..,.{ii~(r-l)} 
1 . 2 . 3. . . . r 
In the present example, i»=52 and r=13, and 

52 . 51 . 50. . . . 40 
^ g 3 jg- =635013559600. 

(12.) The general expression at Art. XXXV., when ii=50 
and r=4, as in the present example, is 

50 . 49 . 48 . 47 

——2-3-4- =60 . 49 . 47 . 2=230300. 

(13.) The expression for the number of combinations that 
can be formed out of n things by taking them first singly, then 
two at a' time, then three at a time, and so on, is 2*— 1 (Art. 
XXXrV.) Hence the number in the present case is 
2i«-l=256«-l = 65535. 

(14.) The given conditions here are 

(m+«)(m+ii— 1)=56 
(m— «)(m— »— 1) = 12; 
that is, (m+ii)2— (m+ii)=56 
(m-ii)8— (m-») = 12. 
Solving these quadratics, we have 

m+»==8, m— 11=4 .*. m=6, «=2. 

6.5 
The number of combinations of 2 things out of 6 is-r — ^== ^^. 

. (15.) By Art. XXXIV., the permutation of n things taken 
m together, when repetitions are allowed, is n"*. In the pre- 
sent case, »=12, m=5 ; and 12*= 1442x 12=248832. . 

(16.) Let each of the/? things be represented by a, each of 
the q things by b, of the r things by c, &c. Tken, as the 
combinations are to be taken 1, 2, 3, &c., and all together, it 
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is plain there will be as many of them as there are dinsors of 
aPb^(f, &c. The question, therefore, is, to find the number 
of divisors of this expression, for each quotient will be a com- 
bination, except the quotient 1, arising from dividing the 
expression by itself. The divisors, not involving different 
letters, may be grouped as follows, the unit divisor being, for 
the present, repeated : — 

1, a, a^, a?,, . , ,aP the number of which is /?+ 1 
1, A, ft2, 6»,.... 6« „ „ g+1 

&c. &c. 

In addition to these, there will be the divisors furnished by 
those several terms of the product 

(l+a+aH...«P)(l+&+^H...&^)(l+c-l-c2+...0&c,, 

which involve two or more different letters. 

All the terms of this product will, of course, include those 
grouped above, without any repetition of the unit, so that the 
total number of these terms will be the total number of com- 
binations) and one more as noticed already. Now, the number 
of terms in the product of the jEy+ 1 quantities 1 +a+a^+ &c. 
by the g + 1 quantities l + &+i*+ &c„ is evidently (p+1) 
(g+1) ; and the number of terms furnished by multiplying 
these 0>-|-l)(g + l) terms by the r+1 quantities l+c-|-c* + 
&c. is (;>+l)(g+l)(r+l), and so on. Hence, the totid 
number of divisors is (/?+!)(?+ l)(r+l) &c., and the num- 
ber of combinations is therefore 

(/' + l)(j+l)(r+l)&c.-l. 

n?.) By Art. XXXVI., the number of selections is 
40.42.45.50=3780000. 

Compound Interest and Annuities (Page 163). 

(4.) By Art. XL., M=PR», where m is the amount, p the 
principal, and r the amount of ^1 for a single period; that 
is, R=t 1 +r, r being the interest of £1 for that period: also, 
ns the number of periods* 

In the present example, 

pa=:800, r=06 .*. R=l-05 and n=9; 
hence the expression for the amount is m=800 x 1*05^ 
or in logarimms, log M=log 8004-9 log 1*05 
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9 log 105=-021 1893x9= 1807037 
log 800 2-9030900 

log 1241-063 . . . 3083 793 7 

£ 

.•.M=: 1241-063 
p= 800 



441-063 .*. £441 U. 3if.=comp. int. 
20 



1-26 
12 

8*12 



(5.) The logarithmic fonnula may be written 

log M=l0g (R»-l)+log A- log -Jq^ 

=log (r03»8-l)+ log 178 -log 3 + 2, 

r being =*03, and a=£178, because the interest and the 
annuity are both payable half-yearly 

log 1-03= -01 28372 
18 



1026976 
128372 



log l-03^8--.2310e96 
Corresponding number 1 • 70243 1 = 1 -03 ' ® 
-1 



•702431 = l-03»-l 



log (l-03i8-l)=l-8466037 

log 178=2-2604200 

2-- log 3=1-5228787 

— £ 

log M=3-6199024 /. m=41 67-76 

=4167 15f. 2id. 
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(6.) Each quarterly payment is ^17*5, and the quarterly 
interest is £V25 per cent. ; so that -^j^=r. The formula 

for V is ^ 

log v= log (1 — R-*) + log A— log r 
= log (1-1-0125-20)+ log 17-5— log 1-25 + 2 

log 1-0125-1= r-9946050 ' 
2 



19.892100 
-20 



log. l-0125-«>= T-892100 
Corresponding number '78001 = 1*01 25 -^'^ 

1 



•21999= 1-1-0125-** 



log (l-10125-»)=T-3424029 
log 17-5 =1-2430380 

2- log 1-25 =1-9030900 

log V =2-4885309 .-. v=£307-986 
20 



19-72 
12 



8-64 
Hence the present value is £307 199. 8|^. 4 



2-56 

Note. — ^When the interest is said to be p per cent, per 
annum, payable half-yearly or quarterly, as in the foregomg 
examples, the meaning intended is, that ip or ip is to be 
regarded as the interest for one period. In reality, therefore, 
the interest per cent, per annum is more than j9 : it is, in fact, 

accordmg as the payments are made half-yearly or quarterly. 
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^7.) The fonnula for v, in the case of a deferred annuityi is 

log V=: log (1 — R-"*)-f- log A— m log R— log f 

where n is the namber of years the annuity is to continae, 
and m the number of years it is deferred. In the present 
example, 

log v= log (1-1-05-20)+ log 1000-5 log 1-05- log 5 + 2 
= log (l-l-05-20)«5 log 1-05- log 5 + 5 
= log (l-l-05-*0) + 5(l- log 1-05)- log 5 

log l-Od-i=f-9788107 .-. 1— log l-05=-9788107 
20 5 



19*576214 4*8940535 



log l-05-20=s 1-576214 
Corresponding number '37689 
1 



•62311 = 1 -1-05- 



log (1 - l-05-«>)=r-7945647 

5(1- log 1-05) =4-8940535 

Arith. comp. log 5= -3010300 

log v=3-9896482 .-. v=£9764-46 

20 

9-2 
12 

Hence the present value is £9764 98. 2id. 2 * 4 

Note. — It may be well to remind the learner, that in such 
operations as these, when the results involve thousands of 
pounds, the pence in those results may differ by a penny or 
two from those which may be obtained by working without 
logarithms. It must be remembered, that in the tables the 
decimals of the logarithms after the seventh place are rejected ; 
so that in multiplying a logarithm by a high number, as also 
in combining several together, the seventh decimal of the 
result will in general be affected with error. Moreover, t> 
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numbers whose logarithms appear in the tables, do not extend 
beyond five places of figures ; a sixth figure may be found b^ 
proportion, out a seveHth, from the cause stated above, is 
seldom to be depended upon. If by aid of tables carried to 
a greater number of figures and places of decimals, we had 
found ¥=9764*4642. . .. , the above result would have been 
increased by one penny : if the third and fourth decimals had 
been 63, the result would have been increased by 1^. 

(8.) The formula for the value v of the lease is 
log vs= log (1 — R-*) + log A — log r 
/. log A= log v+ log r— log (1— R-*) 

= log 100+ log -j^- log (1-1-055-"*) 
=log 5-5- log (l-l-055-»i) 

log l-055-»=l-9767475 
65i 



48837375 
48837375 
2441869 



53-9652994 _ 

-55-25 W^ -55-25=56-75 



log l-055-»*=2-7 152994 
Corresponding number '051^158= P055-"* 
1 



•^480842=1— 1-055 -»* 



log (1-1 -055-*^) =1-9768469 
log 5-5= -7403627 

log A= -7635158 .-. A=£5-80117 
=£5 I6s. 

(9.) The present value of a perpetual annuity of £a per 
annum is v=-: : the expression for the perpetuitjr, in this ex- 
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100 

ample, is v= — . The present value of an annuity to continue 

1— R~* 

n years isY^A , which, in the present example, is 

v=100 . The interest ia to be regarded as 5 per 

*■ 100 

cent., so that the value of the perpetuity is ^7Qg^=2000; 

that is, 20 years' purchase. For the value of the limited 
annuity, we proceed as follows : 

logl-05-» = r9788107 
60 



68-728642 
-60 



log l-05-«»=: 2-728642 
Corresponding number •0535355= 1-05 -•^ 



l-l-06-«= -9464645 ^^^ 

^^^^ 

Value of annuity for 60 years 1892*9290 
Value of perpetuity 2000 

Difference 107071 =£107 1*. 5rf.. 



the worth of the freehold above that of the leasehold. 

(10.) The formula for v in the case of a deferred or rever- 
sionary annuity is 

log v= log (1— R-*)+ log A — m log R— log r 

= log (l-l-05-»^)+ log 50-7 log 1-05- log 5 + 2; 

or, since log 50= log 5 -f log 10= log 5 + 1 

logv=log(l-l-05-i^)-71og 1-05 + 3 
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log 1-05-*= 1-9788107 log l-05=-0211893 
14 7 



39152428 -1483251 
9788107 



13*7033498 
-14 



log 1 •05-1^=: T- 7033498 
Corresponding number *509068 

1 



•494932=1- 1-05- >* 



log (l-l-05-»^)= 1-6945456 
-7 log 1-05=:- -1483251 



log v= 2-5462205 .-. v=£351-739 
20 

14-78 
12 

9-36 

Hence the purchase money is £351 14*. 9rf. 

(11.) The formala for the amount^ Art. XL., is 
M=:pR» .-. 600=518-3r« 

.-. r8=^^=1-157625 = 1-05» 

.-. B=l*05 .*. the rate is 5 per cent. 

(12.) The formula for the amount, as in the preceding 
example, is m=pr*. In the present case, m is to be equal to 

log 2 
log R 

which is a general expression for the number of years in which 
any sum wiU double itself at a given rate of compound interest. 
As, in the example, the given rate is 4 per cent., we have 
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log 2 •30103 

"=kiT04=^703334=l'"«'299 years. 

(13.) The amount of any sum p in n years is pr*, and the 
amount of a yearly sum or annuity, a, accumulating for n years 

n« \ 

is a , . In the present example, the original sum p is 

^20 ; the yearly investment or annuifr, a, is also ^20. 
Hence, the whole amount, if a were paid in the nth year as 
well as every preceding year, would be 

R»— I 

But as the sum p would not be paid in the nth year, merely 
to be returned without interest, it is clear that after the first 
investment there are only n— 1 annual payments: hence the 
annual amount is 

Rn_l Rn_i 1-05^-1 

p^„^p__^p^p^__=20(l-05)-^Qy-; , 

that is, Amount=400(l-05)(l-05*^-l) 

log 1-05= -0211893 
40 



•8475772 
Corresponding number 7*03999 
1 



603999= 1-05^-1 
400 



2415-996 
1-05 

12079980 
2415996 



£2536-79580 .-. Amt.=£2536 16*. 
20 



15-916 
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(14.) The formula for the present value is 

log v= log (1 — R"»)-|- log A— log r 

= log (1-1-05-*)+ log 40- log j^ «"40-Hj^=800 

= log (1 - 1-05-*) + log 800 
logl-05-*= r- 9788107 



4*8940535 
—5 



log l-05-*=T-8940535 
Corresponding number '783526 =1*05-* 
1 



•216474 =1 — 1-05-* 

log l-l-05-*=T-3354057 
log 800=2*9030900 

log v=2-2384957 .•. v=£173-18 
20 

.3-60 

12 

Hence the present value is £173 Zs, Id. — 

7-2 



(15.) The formula for the present value of a perpetuity is * 

A A 20a 

v=- .-. v=.-^=-:^, where a=£79 4*. 

Hence, we have only to multiply the pounds by 20, to add in 
the shillings as if they were pounds, to annex a to the result, 
and to divide by 9 ; uius : 

£79 4«.X20=1584; and £15840-^ 9 =£17 60. 

Note. — ^The computer will, in general, find his work short- 
ened by putting his algebraic formuln respecting annuities in 
a shape a little different from that in which they are exhibited 
inthe Alobbra; thus: 
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For the amount, m=-(r*— 1). 
Present value, v=5-(l — r-*)' . . 



Perpetuity, v=- 



..(I) 
.(11) 
(III) 



Deferred annuity. v=- {r— (1-r-)} . . (IV) 

As shown in the foregoing solutions, the value of - may be 

readily found without logarithms, and thus two references to 
the tables saved. 

(16.) Let Pj, Pf, P,, .... Pm be the amounts at the end 
of the first, second, third, &c., years respectively: then, r 
being the interest of £1 for a year« we shall havis, by the 
question, 

rp 
Pj=P+rp+— 

Multiplying these together, 

PjPjP, Pii=PP,p, p*- \}+r+-j 

.•.p.=p(l+r+£y. 

(17.) By the formula (IV.) above, we have 

20 
v=.Q35{1036-iO(l -1-036-")} 
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log 1-035-1= 1.9850597 log 1 -035 =•© 149403 
11 10 



. 


10-8356567 
-11 


= 1-1-035- 
20 

r^-035- 

) 


•1494030 






log l-035-»= 
Corresponding number 


= T-8356567 
•684947 

1 






.315053= 


-11 


log(l-l-035-") 
-10 log 1-035-10= 


= 1-4983836 
= -•1494030 




• 


T-3489806 
•223347 

400( 


4000 
= 7 




7)893-388 





£ 127-627 .-. v=£127 12*. 6^ 
20 

12-54 
12 

6-48 



(18.) The present value of a freehold estate, produdng a 

per annum, is y=-- ; and the present value of an annuity a for 

a 
ftyearsis- (1— R-"). If these values are to be equal, we 

must have 

a,, ' :- A A . 

-(l-a-)= -.-.«=. 



r^* " >'-r----l-.R-« 
In the present case, a =500 
1000 
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log 1. 045- * =1-9808837 
^ 20 



19-617674 
— 20 



log 1-045-20= T-617674 
Corresponding number '414643 



•585357= l-l-045-2<^ 



log (l-l-046-«>) = r7674209 
3 



log 2a=3-2325791 .-. 2a=£1708-36 

.-. a=£ 854-18 

20 

3-6 
12 

Hence the annuity is £854 3^. Id. 7*2 

End of the Examples in the Algebra. 



APPENDIX. 
Miscellaneous Examples (Page 181). 

(1.) Let one of the numbers be x\ then by the question, 

bx 
8 : 5 : : 4? : -g-, the other number ; 

5*2 ^ 

also, -^=360 .•. 3 =72 

.*. «8=9 X 8 X 8 .•. «=3 X 8=24. 

5x 24 
Hence the numbers are 24 and — g — = 15. 
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(2.) It is plain that } of the work remains to be done when 
A is called off. As b alone finishes this in 36 days, he does 
^ in 12 days, and, consequently, the whole in 48 days: he 

thus does To iQ & day. But when both a and b work together, 

they do rg in a day : hence» a alone does Tg -"40=94 i^* ^^7* 

and therefore he can do the whole in 24 days. 

Or, since b alone is 48 days doing what, with the help of a, 
is done in one-third of the time, it is plain that a works twice 
as fast as b, and can, therefore, do the work in 24 days, or 
half the time. 

(3.) The coefficient of the second term of a quadratic equa- 
tion is the sum of its two roots with their signs changed, and 
the third, or absolute term of the quadratic, is the product of 
the two roots (see p. 60) : hence the required quadratic is 
5.2-8^4-15=0. 

(4.) Since 2^?^ + ap+c=0 .-. «»-|-4a?=— | 

c 
.'. »*+4a?-f 4=4— 2=^» when the roots are equal 

.-. 4=2 .•. <?=8, and (j?-f 2)^=0 .'. a?= — 2. 

(5.) Put a?3-ar-f 22=m .'. ^-8*+ 16=ot-6 

/. J?— 4=V(»»— ^) •*• a?=4±v/(m— 6). 

Hence, in order that jp may be real, m must not be less than 6. 

(6.) (a-|-A)(ft+c)(a4-c)=2(i*c-f(i«(*-fc)-fA^(a-fc)4-c2(a + *) 
= 2abc -h (a» + 6«)c + (cr^ + c^)b -f- (b^ -i- (?2)a. 
Now (Algebra, p. 101), 

a^-i'b^>2ab, a2-|-c^>2ac, ^ + c2>2^c 
.-. (a-j'b)(b-\'C)(a'\'C)>2abc+2abc+2abc-^2abc, or >8aic. 

(7.) 1 . 2 . 3 . 4 .5 • 6 .7 . 8 * 9 . 10,. 11 . 12=479001600. 

(8.) By permutatioa. Art. XXXIH., 

1.2.3 n 

'""I .2. ..p. I .2...q.l .2...r 
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which, because there are 11 letters, of which 4 are i's, 4 are 
is, and 2 are p's, becomes 

1-2.3 1 1 ' 5,6.7 11 

''""1.2.3.4.1.2.3.4.1 .2'"1 .2.3.4.1.2"" 
5.7.9.10.11=34650. 

(9.) Seep. 75 of this Key. 

(10.) Suppose A began at x hours before 12 o'clock, 
then B began at j?— -1^ hours „ ;, 

It appears by the question, that in these hours half the 
work was done ; so that the work done by b in the 6 hours 
after noon must have been equal to the work done by a in the 
jc hours before noon, and the work done by a in the 8f hours 
after noon, must have been equal to the work done by b in the 
in the a?-| hours before noon. Consequently, if a's hourly 
work be represented by a, and b*s by b, we have the two 
equations 

(UP=6b and 8Ja=(j?— |)A. 

Dividing the second by the first, 

a" 6 '"'^ ""2"" 2 

T ^_105 Ji^_841 

•'•'^'"2'*"16"" 2 "*"16" 16 

1 29 30 

.-. -^-4= 4- .'. -»= 4-=7i. 

Hence a began at half-past four in the morning. 

(11.) Suppose, that after the 30 days, the voyage ought to 
have lasted x days, and that each man, according to this esti- 
mate of the time, had been provided with a gallon of water 
a day: then there were 175j: gallons for the x days. The 
number of gallons saved by the deaths was 

3(*+21) 
3(1 + 2 + 3+.... [^+21])=— -g—^-h 22), 

since the voyage was protracted 21 days beyond the estimated 
time: hence, had these gallons been actually added to the 
stock, there would have been sufficient for the whole time, 
even if all the men had -lived ; so that, dividing the whole 
number of gallons thus increased by the product of the number 

I 
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of men and number of days, the resnlt must be each mBxis 
daily allowance ; that is, 1 gallon 

3j?4-21 
175*+— ^-(i?+22) 

175(j-h21) ^ 

.;. 175j?-|--^-2 — ^(*+ 22)= 175*+ 3675 

/. 3(*+21)3 + 3(*+21) = 7350 

.-. (j?+21)3+(*+21)=2450 

9801 
.•.(*+21)2+(j?+21) + J=-4- 

99 
/. «+21+i=Y .•. x=28. 

Consequently, adding to this the 30 days and the 21 days, 
the sum 79 days is the whole time of passage. 

(12.) (*+y)7-(*7 + y7) = 7j;y(jJ^^.y6)4. 

2 lrfy2(ar« +y8) + 35*8y8(* +y). 
Dividing this by 7j!y(j?+y), the quotient is 

4?* + 2arV + 3d?2y2+ 2dy^+y4-- 
(*»+jy+y2)». 
Hence the proposed expression is divisible by this square. 

(13.) By Art. XXXVIL. 

100.99.98.97 
looc,^ =ioOc^= 1.2.3.4 =3921225. 

(14.) Let s be the sum, and s the sun^vof the squares; 
then 

g(r«~l) aH r^^l) 
»- r-1 •'- r^-l 
3 a(r^-l) ajr^^l) 
•*-8-(r+l)(r«-l)- r+1 ~ 

a—ar-^-ar^'^ar^'^ at^"}^ 

whenever n is odd. 



y Google 



MI8CKLLANBOt78 BXAMPLB8. 171 

(15.) Let the arithmetie progression be 

a, a-^d, o+2(^ a+3d, a+4if« a+5d, &c. ; 
then by the given condition, 

(a+rf)2=«»+3arf .•. £p=orf. , . . (A). 

Also the product of the foarth and ninth terms is 

(o+3rf)(« + 8(0=a^+llarf+24d«; 

that is. (A), =o»+10orf+25d«=(o+5<J)», 

and a + 6(2 is the sixth term of the progression. 

(16.) The formula for the ath term of a geometric pro- 
gression being /=flr«-^ we have 

9=01^, and 15= or*. Dividing, 

-=r3 .-. r=^ 3 ; also, a^9^^=^' 
Hence the progression is that given in the answer. 

(17.) Here ^ is the seventh term of a geometric progres- 
sion, of which 2 is the first term ; therefore, from the formula 

1**11 1 

/=fli*-i, we have 32=21* .*. '^=64=2« **• ''^±2* 

„ , . 1111 

Hence the five means are ± 1, g* ±7» g» ilTg' 

(18.) The formula for the sum is 

8=^{2a-h(8-l)rf} 

.-. 24=^{18-.(»-l)2} .-. 48=18«-2ji8+2« 

.-. »»-10«=-24 .•. n2-10»-»-25=l 
.'. n— 5=±1 ••. n=4 or 6. 

(19.) As many changes can be rung by five bells out of six 
as by the whole peal ; namely, 

1 . 2 . 3 . 4 . 5 . 6=720 (see Algebra, p. 153). 

(20.) By combinations, 

»c.=iOc^=^-|^^=10. 8 . 7=210. 

i2 
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(21.) From the first equation, ^j?«4-*y=i^r». From the 
second, 6y=r^— 2ar^jp-f o^**: bence, by substitution, 
ft3^4.r*-2(ir3*H-flV=ftM 
.-. (aH»V-2ar»jr=rr8(ft«-.r3) 
2gr8 / gyg V ^gr»(a84-y-r») 

ar^ br 

Chfinging a into ^, and « into y, we have similarly 
hr^ ar 

The sign of. tbe second tenn must be opposite to that in the 
expression for x, in order to justify the second equation. 

X 3 1 

(22.) Dividing by g, put*24.-j.+-=(4.+A)(j?+B) ; 

3 1 

that is, j?24.-j.-|--=jp2^(^^B)*+AB. 

3 1 

Equating coefficients, a + b= o. ab = 5 . • . 4 ab = 2 

.-. v'{(A-hB)»-4AB}=A-.B=±- .-. A=l, or g-, B=^,orl 
-31 (£+l)(2;p+l) 

^ ^ JT j(j4-1) (2^4-1) 
•*• 3"^2"^6" 6 

(23.) Let d? be the number of gallons at a shillings, then 
d^a must be the number at b shulings. The price of the 
former is, ox shillmgs, i^id that of the latter b(d^jp) shillings : 
hence, because the worth of the compound is to be cif shilUngs, 
we have the equation 

flj?-fi(rf— J?)=c</, Oror+W— ftd?=ccl 

c-b 
.'. (0— 6)*=(c— 6)rf; .'. '=JIIT^» &^ of first, 

.•• ^— *=r^^» gal- o^ eecond. 
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h 

(24.) At the first drawing, - of the whole cask of wine is 

taken away* so that 1 — - is what remains : of this quantity, 

b h 

- is taken away at the second drawing, so that 1^- of it is 

/ iV * 

left; that is, H*') • ^^ ^® third drawing, - of this is 

o 
taken away, so that 1—^ of it is left; that is, the quantity 

/ 5V 

left is ( 1— -" ) : hence, after » drawings, the part of the whole 

(h\n /a— by 

1— -J ; that is, it is ( — — ) : in other 

words, there is this part of the original a gidlons of wine left 
in the cask : hut i ""T" ) of a is ^_, , which, therefore, ex- 
presses the numher of gallons remaining in the vessel. 

(25.) Put ^ ^ ^J ^ =y .\a»+(a+b)x+(a=yx 

.'. «'+(a-|-i— y)j?=— II*. 
Solving this quadratic, we have 

y-(fl+ft) ^/{{y-(a+b )y^4ab} 

'= 2 ± 2 

Equating the expression under the radical to zero (Appendix, 

y^^a^b) 
p. 169), the value of * hecomes *= 5 , and we have 

the condition 

[y-(«+*)P=4fl* ... y-(a+i)=2x/fl5; 
so that the value of jr is xss^ab, the value sought. 

(26.) The ^eral formula for the numher of shot in a 
square pile havings shot in the bottom row is 

»(ii+l)(2»+l) 30.31.61 

-^ g = g =6 .31.61 =9456. 

(27.) The general formula for the number of shot in a 
triangular pile having n shot in the bottom row is 

Digitized by LjOOQ IC 



174 MISCVLLikNBOUS EXAMPLSS. 

»(»-}- l)(}i+2) 30.31.32 

Q = g =5 . 31 . 321=4960. 

(28.) For the proposed value of 4f, the fraction takes the 
form t: : hence, numerator and denominator must be divisible 

by «— 2 (Appendix, p. 167). Applying this divisor, the frao- 

2^—*— 6 
tion is reduced to ^ . ^_g . Putting 2 for *, this also takes 


the form ^ ; the terms must, therefore, be also diviable by^r— 2^ 

dividing, therefore, again, the fraction is further reduced to 

2jrH-3 7 

—YT, which, for x= 2, becomes g. This, therefore, is the 

value of the proposed fraction, when j?=2. 

(29.) By the Bmomial Theorem, 

(a» — j»»)» =fl— -fl»-»j«»+ , 

where the powers of jr go on increasing ; 

J** j^ n 

•'• iH V(fl»-j-»)=Ja»-»j;*-|- '^fl»-»+. . . . ^ 

■*, when jr=0. 



(30.) Procee^^ as explained in Article 1. a£ the Appendix, 
the transformation is effected as follows : — 
3)1810 

3) 603, remainders: 1 

3)201 =0 

8)67 =xO 

8)22 =1 

8)7 asl 

8)2 =1 

»2. 



Digitized by 



Google 



MISCELLANEOUS EXAMPLES. 175 

Hence, in the ternary scale of notation, the number 1810 is 
2111001. 

(31.) The polygon has n vertices, and the. vertices of every 
triangle are tlu'ee of these : hence, there are as many triangles 
as there are combinations of three things out of n : hence. 
Algebra, Art. XXXV., the number of triangles is 

it(»-l)(»-2) »(»-l)(ii-2) 
1.2.Z "■ 6 * 

(32.) It is obvious that from each vertex »— 3 lines can be 
drawn to the other vertices, and since there are n vertices, 
«(«— 3) may be drawn altogether: but every set of «— 3 is 
repeated by lines from the »— 3 vertices in which they termi- 

i. ,. , . «(«— 3) 
nate : hence the number of diagonals is — 5 — * 

(33.) If m be the number of arms, and n the number 6f 
oifferent positions, then (Algebra, p. 158) the total number of 
signals is 

(l+*)~-l .-. (1+5)4-1=363-1=1295 

is the number of sigi|als. 

(34.) Suppose there were x gallons: then, by the ques- 
tion, tibe profit on each gallon of the first portion sold was 

1 .7 

2 the cost, and the profit on the second portion -g the cost. 

3 
Also, the whole profit was g the cost ; 

e 6 3 

thatis, g*— 2=g* .'. 25*— 120=244? ,-. tf=120, 

the number of gallons. It was unnecessary to state the cost 
price. 

(35.) Multiplpng by (« +a)(jr+6), we have 
caf4-(f=A(*-|-ft)+B(*+a) 

= (A + B)«+Ai + B£f 
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.*. A-|-B=C, A6 + Ba=' d 

.'. a6+b6= be 



d—hc 
/. B(a—b)=d'^hc .*. B="r3l 

d-^-oc 
Interchanging a and b, and a and 6, a= t— 

(36.) Extract the square root of the first member : 
4**- 12«8-35«»+ 66«-8303(2«»— 3«- 1 1 

4««-3*) -iar«-35jr« 
-12^+ 9x^ 



4^-64.-11) -44ar»-|-66«-8303 

-44*8+ 66j?+ 121 



-8424 
Hence the expression^ if increased by 8424, wonld be a com- 
plete square; namely, (2j^— 3jr— 11)^; the equation is, there- 
fore, the same as 

(2«»-3«- 1 1)8- 8424=0, 
or {(2«»-.3*-ll)- V8424}{(ar«-a^-ll)+ V8424}=0 
.-. 2*»-3*-ll=±V8424=±18V26 
3 11±18V26 
•■• **— 2*^ 2 

8 9 97±144>/26 

••• *^-2*+T6= rr 

3±V(97±144V26) 
.-. *= ^ 

(37). This is an immediate inference from Colson^s Theo- 
rem at p. 152 of the Algebra, because (a+6)" is the same as 
ib+a)\ 

(38.) By the binomial theorem^ the E+lth term of the 
expansion of (1 +«)8» is 

2ii(2>i-l)(2«-2)...,(ii+l) 

1.2.3....JI **...-ca; 

Digitized by LjOOQ IC 



MISCELLANEOUS EXAMPLES. 177 

1 . 2 . 3. . . . »(«+ 1). . , , 2«(2»- 1) ' 
" (1.2. 3... .11)2 ** 

1.3.5....(2ii~l)2.4.6....2» 
" (1.2.3....«)2 ** 

1.3.5....(2«-1)1.2.8....» 
- (1.2.3.. ..»)^ ^^)'' 

Consequently^ putting r=l, in (A) and (B), we have 
(«+ 1)(«+2). . . . («+«) = 2* X 1 . 3 . 5. . . . (2«-l). 

Again : if a?= 1, in the expansion of (1 +*)", we have 
,, ,. , «(»i^l) n(»-l)(«-2) „ 

(i-n)«=i-h>i-h-Y:^-^ 1,2.8 -^ ^^-=2* 

(>i4-l)(>t+2)....(>i+ii) 
■" 1.3.5.. ..(2«-l) ••••W 

(A) when » is odd, = , ^ v , , ^x/ . ^x 9?: T\ 

^ ' * 1 .3.5. . .. «(«H-2)(nH-4). . .. (2ji— 1) 

^ (n+l)(ii+3)....(«+it) 

1 • 3 • 5. . • . n 

(A) when n is even, 

(«+l)(ii4-2)....(«+«) 

""1.3.5 (ir-l)(»H- l)(ii + 3). . . . (2»-l) 

(«+2)(n + 4)....(itH->t) 
■" 1.3.5....(«-1) 

(39.) Let the quotient arising from dividing any number 
N by 9 be q, and let the remainder be r: then ns9q+R* 
In like manner, for any other number », we have «=97-f r. 
The product of the two numbers is Nn=8lQj'H-9R^+9QrH-Rr, 
every term of which is necessarily divisible by 9, except rt, 
the product of the remainders. Consequently, if two nume- 
rical factors be each divided by 9, and the remainders r, r, 
noted, and then the product of these remainders be divided by 
9, the remainder arising frotn this last division must be the 
same as that arising from the division of the product of the two 
factors by 9. 

What is here shown in reference to the divisor 9 equally 

i5 
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holds for any other divisor; but 9 is the divisor chosen to 
test the accuracy of a multiplication operation in arithmetic^ 
because of the property that it will supply the same remainder 
whether the number itself or only the sum of its digits be 
divided. Thus, if the digits of a number — writing them from 
right to left — ^be a, b, c, d, &c., then the value of the number is 
fl+lOft-f 100(?+1000rf+ &c.; 
thatis, fl+(9+l)ft-h(99+l)<?-h(999 + l)rf+ &c., 
and the sum of the digits is a+6+c+<^+ &c. 

And it is plain, that whichever of these we divide by 9, the 
remainder must be the same, and so of 3 and 11. 

(40.) Applying the method of Indeterminate Coefficients, 
assume 



«•+ 



i=G +9" +^^(' +9"" '+^»G -^ly'-^' • • • ^" 

Then, developing the several terms by the Binomial Theorem, 
we have 

1 



^+?= 



+ 


*-- i+n 


««-9 + 


+A, 


+ 


+A,(n-1) 




+ A. 


+ 

+ A. 



*"-»+ 



n(n-l) 



1.2 
+ 



(n-l)(n-.2) 



+ A,(n-2) 
+ 
+A 



i«"-«+ &c 



1.2 
+ 

+ A,(«-3) 
+ 
+ A. 

Equating coefficients of like quantities, there results 

Ai=0, A,= -JI 

As=0, 



A,=0 



A.= 



A« = - 



1.2 

ii(»-4)(n-5) 



1.2.3 



, &c., &c. 






«(n-4)(ii~5), 



(-r 



-h&c. 



1.2.3 

END OF THE SOLUTIONS. 
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HINTS 



TO 



YOUNG ARCHITECTS: 

CX>]iFBIBINO 

iDYICS TO THOSE WHO, WHILE TET AT SCHOOL ABE DESTINED 
TO THE PROFESSION; 

SUCH AS, HAYING PASSED THEIB PUPILAOE. ARE ABOUT TO TBAYEL 

AND TO THOSE WHO, HAVING COMPLETED THEIR EDUCATION, 
ARE ABOUT TO PRACTISE: 



A MODEL SPECIFICATION: 

involvino a orbat variety of instbugtivb and buoabstiyb xattbr 

calculated to facilitate theib pbaotigal operations; 

and to direct them in their conduct, ab the responsible 
aqents of their employers^ 

and ab the rightful judges of a contractor's duty. 
By GEOEGE WIGHTWICK, Architect. 

OONTENTB I— 



PreBminary Hints to Young Archi- 
teets on the Knowledge of 
Drawing. 
On Serving his Time. 
On Travelling. 
His Plate on the Door. 
Orders^ Plan-drawing, 
On his TastBy Stady of InterionL 
Interior Arrangements. 
Warming and Ventilating. 
House Building, Stabling. 
Cottages and Villas. 
Model Specification :•— 

Oeneral CUnseSk 

Foundations. 

Well 

Artificial Foundations. 

Brickwork. 

Rubble Masonry with Briek 
Mingled. 



Model Specification : 

Stone-cutting. 

9 Grecian or Italian only. 

—- «, Gothic only. 

Miscellaneous. 

Slating. 

Tiling. 

Plaster and Cement- work. 

Carpenters' Work. 

Joiners* Work. 

Iron and Metal- work. 

Plumbers* Work. 

Drainage. 

Well-digging. 

Artificial Levels^ Concrete, 
Foundations, Piling and 
Planking, Paving, Vaulting, 
Bell-hanging, Plumbing, and 
Building generally. 



Extra doth boards, price 8«. ^ t 
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THE ENGINEER'S AND CONTRACTOR'S 

POCKET BOOK, 

WITH AN ASTEONOMICAL ALMANACK, 

BEVISED F0& 1866. In morocco tuck, price 6«. 



CONTENTS. 



Air, Air in motion (or wind), and wind- 
mills. 

Alloys for bronze ; Miscellaneous alloys 
and compositions ; Table of alloys ; 
Alloys of copper and sine, and of 
copper and tin. 

Almanack for 1855 and 1856. 

American railroads ; steam vessels. 

Areas of the se^ents of a circle. 

Armstrong (R.), his experiment on 
boilers. 

Astronomical phenomena. 

Ballasting. 

Barlow's (Mr.) experiments. 

Barrel drains and culverts. 

Bell-hanger's prices. 

Blowing a blast engine. 

Boilers and engines, proportions of; 
Furnaces and chimneys ; Marine. 

Bossut's experiments on the discharge 
of water by horizontal conduit or 
conducting pipes. 

Brass, weight of a lineal foot of, round 
and square. 

Breen (Hugh), his almanack. 

Bricks. 

Bridges and viaducts ; Bridges of brick 
and stone; Iron bridges; Timber 
bridges. 

Burt's (Mr.) agency for the sale of pre- 
served timber. 

Cask and malt gauging. 

Cast-iron binders or joints ; Columns, 
formulae of; Columns or cylinders, 
Table of diameter of; Hollow co- 
lumns. Table of the diameters and 
thickness of metal of; Girders, prices 
of; Stancheons, Table of, strength 
of. 

Chairs, tables, weights, && 

Chatburn limestone. 

Chimneys, &c., dimensions of. 

Circumferences, &c. of circles. 

Coal, evaporating power of, and results 
of coking. 

Columns, cast-iron, weight or pressure 
of, strength oL 



Comparative values between the pre- 
sent and former measures of capacity. 

Continuous bearing. 

Copper pipes. Table of the wdght of^ 
Table of the bore and weight of cocks 
for. 

Copper, weight of a lineal foot of, round 
and square. 

Cornish pumping engines. 

Cotton mill ; Cotton press. 

Current coin of the principal commercial 
countries, with their weight and re- 
lative value in British money. 

Digging, well-sinking, &c. 

Docks, dry, at Greenock. 

Draining by steam power. 

Dredging machinery. 

DwA&F, Table of experiments with 
H. M. screw steam tender. 

Earthwork and embankments, Tables 
of contents, &c 

Experiments on rectangular bars of 
malleable uron, by Mr. Barlow ; on 
angle and T iron bars. 

Fairbaim (Wm.), on the expansive 
action of steam, and a new construc- 
tion of expansion valves for condens- 
ing steam engines. 

Feet reduced to links and decimals. 

Fire-proof flooring. 

Flour-mills. 

Fluids in motion. 

Francis (J. B., of Lowell, Massachusets)* 
his water-wheeL 

French measures. 

Friction. 

Fuel, boilers, furnaces, &c. 

Furnaces and boilers. 

Galvanized tin iron sheets in London 
or Liverpool, list of gauges and 
weights of. 

Gas-tubing composition. 

Glynn (Joseph), F.R-S.^ on turbine 
water-wheels. 

Hawksby (Mr., of Nottingham), his 
experiments on pumping water. 

Heat, Tables of the effects oL 



y Google 



NEW LIST OF WORKS. 



17 



THE BNGINSBR'S AND CONTRACTOR'S POCKET BOOK. 



Hexagon heads and nuti for bolts, pro- 
portional sizes and weights of. 

Hick's rule for calcolating the strength 
of shafts. 

Hodgkinson's (Eaton) experiments. 

Hungerford Bridge. 

Hydraulics. 

Hydrodynamics. 

Hydrostatic press. 

Hydrostatics. 

Imperial standard measures of Great 
Britain; Iron. 

Indian Navy, ships qf war, and other 
Tesseh. 

Institution of Civil Engineers, List of 
Members of the, corrected to March 
15, 1852. 

Iron balls, weight of cast ; bars, angle 
and T, weight of; castings; experi- 
ments; hoop, weight of 10 lineal 
feet; lock gates; roofs; tubes for 
locomotive and marine boilers; 
weights of rolled iron. 

Ironmonger's prices. 

Just's analysis of Mr. Dixon Robinson's 
limestone. 

Latitudes andlongitudes of the principal 
observatories. 

Lead pipes. Table of the weights of. 

LesUe (J.), C.E. 

Lime, mortar, cements, concrete, &c. 

Limestone, analysis of. 

Liquids in motion. 

Locomotive engines; Table showing 
the speed of an engine. 

Log for a sea-going steamer, form of. 

Machines and tools, prices of. 

Mahogany, experiments made on the 
strength of Honduras. [wheels. 

Mallet's experiments on overshot 

Marine boilers ; engines. 

Masonry and stone-work. 

Massachusets railroads. 

Mensuration, epitome of. 

Metals, lineal expansion of. 

Morin's (CoL) experiments. 

Motion ; motion of water in rivers. 

Nails, weight and length. 

Navies — of the United States; Indian 
Navy ; Oriental and Peninsular Com- 
pany; British Navy; of Austria; 
Denmark; Naples; Spain; France; 
Germanic Confederation; HoUand; 
Portugal; Prussia; Sardinia; Swe- 



den and Norway; Turkey; Russia 
Royal West India Mail Company's 
fleet. 

New York, State of, railroads. 

Numbers, Table of the fourth and fifth 
power of. 

Paddle-wheel steamers. 

Pambour (Count de) and Mr. Parices' 
experiments on boilers for the pro- 
duction of steam. 

Peacocke's (R. A.) hydraulic experi- 
ments. 

Pile-driving. 

Pitch of wheels. Table to find the dia- 
meter of a wheel for a given pitch of 
teeth. 

Plastering. 

Playfair (Dr. Lyon). 

Preserved timber. 

Prices for railways, paid by H. M. 
OfBce of Works ; smith and founder's 
work. 

Prony's experiments. 

Proportions of steam engines and boil- 
ers. 

Pumping engines; pnmpmg water by 
steam power. 

Rails, chairs, &c.. Table of. 

Railway, American, statistics; railway 
and building contractor's prices ; car- 
riages. 

Rain, Tables of. 

Rammell's (T. W.) plan and estimate 
for a distributing apparatus by fixed 
pipes and hydrants. 

Rennie's (Mr. Geo.) experiments ; (the 
late J.) estimate. 

Roads, experiments upon carriages tra- 
velling on ordinary roads ; infiuence 
of the diameter of the wheels; 
Morin's experiments on the traction 
of carriages, and the destructive ef- 
fects which they produce upon roads. 

Robinson (Dixon), his experiments and 
material. 

Roofs ; covering of roofs. 

Ropes, Morin's recent experiments on 
the stiffness of ropes; tarred ropes; 
dry white ropes. 

Saw-mill. 

Screw steamers. 

Sewage manures. 

Sewers, castings for* their estimatMi 
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Signs and abbreviations used in aiith- 
naetic and matliematical expressions. 

Slating. 

Sleepers, quantity in cabic feet, &c. 

Smeaton's experiments on wind-mills. 

Smith and founder's prices. 

Specific gravity, Table of. 

Steam dredging; Navigation; Tables 
of the elastic force ; Table of Vessels 
of war, of America ; of England ; of 
India ; and of several other maritime 
nations. 

Steel, weight of round steel. 

Stone, per tb., stone, qr., cwtk, and tan, 
^., Table of the pice. 

Stones. 

Strength of columns ; Materials of con- 
struction. 

Sugar-mill. 

Suspension aqueduct over the Alleghany 
River; Bridges over ditto. 

Table of experiments with H. M. screw 
steam tender DwA&r ; of gradients ; 
iron roofs; latent heats; paddle- 
wheel steamers of H. M. Service and 
Post-Oflioe Service ; pressure of the 
vrind moving at given velocities; 
prices of galvanized tinned iron 
tube; specific heats; the cohesive 
power of bodies ; columns, posts, &c., 
of timber and iron ; the comparative 
strength, size, weight, and price of 
iron-vrire rope (A. Smith's), hempen 
rope, and iron chain ; corresponding 
velocities with heads of water as 
hig^ as bCtgd,, in feet and decimals ; 
dimensions of the principal parts of 
marine engines; effects of heat on 
different metals; elastic force of 
steam; expansion and density of 
water; expansion of solids by in- 
creasing the temperature; expan- 
sion of water by heat ; heights cor- 
responding to different velocities, in 
French metres; lineal expansion of 
metals ; motion of water, and quan- 
tities discharged by pipes of dif- 
ferent diameters; power of metals, 
&c.; pressure, &c., of wind-mill sails; 
principal dimensions of 28 merchant 
steamers with screw propellers; of 
steamers vrith paddle-wheels; pro- 
gre«siv«, diktatioa of metals by heat, 
&j.i {Uopuiiov of real to theoretiea 



discharge through thin-lipped ori- 
fices; quantities of water, in cubic 
feet, discharged over a wdr per 
minute, hour, &c.; Relative weight 
and strength of ropes and chains ; 
results of experiments on the friction 
of unctuous surfaces ; scantlings of 
posts of oak ; size and weight of iron 
laths; weight in lbs. required to crush 
l^-inch cubes of stone, and other 
bodies; weight of a lineal foot of 
cast-iron pipes, in ibs. ; weight of a 
lineal foot of fiat bar iron, in ibs. ; 
weight of a lineal foot of square and 
round bar iron ; weight of a super- 
ficial foot of various metals, in lbs. ; 
weight of modules of elasticity of 
various metals ; velocities of paddle- 
wheels of different diameters, in feet 
per minute, and British statute miles, 
per hour ; the dimensions, cost, and 
price per cubic yard, of ten of the 
principal bridges or viaducts buUt 
for railways ; the height of the boil- 
ing point at different heights; — to 
find the diameter of a wheel for a 
given pitch of teeth, &c. 

Tables of squares, cubes, square and 
cube roots. 

Teeth of wheels. 

Temperature, the relative indications of, 
by different thermometers. 

Thermometers, Table of comparison of 
different. 

Timber for carpentry and joinery pur- 
poses; Table of the properties of 
different kinds of. 

Tin plates, Table of the weight of. 

Tools and machines, prices of. 

Traction, Morin's experiments on. 

Tredgold's Rules for Hydraulics, from 
Eytelwein's Equation. 

Turbines, Report on, by Joseph Glynn 
and others. 

Values of different materials. 

Water-wheels. 

Watson's (H. H.) analysis of limestone 
from the quarries at Chatbum. 

Weight of angle and T iron bars; of 
woods. 

Weights and measures. 

West India Royal Mail Company. 

Whitelaw's experiments on turbine 
water-wheels. 
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TUB BMOINKBaS AND CONTRACTOR'S FOCKBT BOOK. 



White's (Mr., of Cowm) ezperimeBts 

on HondvTM mahogany. 
Widuteed'B (Thoa.) experiments on 

the evaporating power of different 

kinds of coal 



Wind-niUs; of air, air in motion, Ac 
Woods. 

Wrought iron, prices of. 
Zinc as a material for use in ho«B^ 
building. ^ 



In one Volume 8vo, extra doth, bound, price 9t. 

THE STUDENT'S GUIDE TO THE PBACTICE 

OF DESIGNING, MEASURING, AND VALUING 

ARTIEICERS' WORKS; 

Containing Directions for taking Dimensions, abstracting the same, 
and bringing the Quantities mto Bill ; with Tables or ConstantSi 
and copious memoranda for the Valuation of Labour and Materials 
in the respectiye trades of Bricklayer and Slater, Carpenter and 
Joiner, Sawyer, Stonemason, Plasterer, Smith and Ironmonger, 
Plumber, Painter and Glazier, Paper-hanger. Thirty-eight plates 
and wood-cuts. 

The Measurme, &c., edited by Edward Dobson, Architect and 
Surveyor. Second Edition, with the additions on Design bj 
£. Lacy Garbett, Architect. 

CONTENTS. 



Pbelimiva&t Obsbrvations on Db- 
8IONZNO Abtivicbrs' Wobks. 

Preliminary Obsenrations on Mea- 
surement, Valuation, &c. — On mea- 
suring — On rotation therein — On 
abstracting quantities — On Taluatioa 
— On the use of constants of labour. 

BRICKLAYER AND SLATER. 

Dbsion ov Bbiokwork— technical 
terms, &c. 

Foundations — Arches, inverted 
and erect — Window and other aper- 
ture heads — Window jamba^Plates 
and internal cornices — String- 
courses — External cornices — Chim- 
ney shafts-^On general improvement 
of brick architecture, especially fe- 
nestration. 

Mbasobbmknt. 

Of diggers' work — Of brickwork, 
of facings, &c. 

Dbsign of Tiling, and techniealterms. 
Measurement of Tiling — Example 
of the mode of keeping the measuring- 
book for brickwork. 



Abstraotino Bricklayers' and Tilers' 
work. 

Example of bill of Bricklayers' and 
Tilers' work. 

Valuation of Bricklayers' work. 
Earthwork, Concrete, &e. 

Table of sizes and weights of vari- 
ous article»—Tables of tihe numbers 
of bricks or tiles in various works — 
Valuation of Diggera'andBrickUyers' 
labour — Table of Constants for said 
labour. 

ExAMPLBs OF Valuing. 

1. A yard of concrete.-— 2. A rod 
of brickwork. — 3. Afoot of facing.— 
4. A yard of paving.— 5. A square of 
tiling. 

Dbsign, Mbasurbmbnt, and Valu- 
ation or Slating. 

CARPENTER AND JOINER. , 

Dbsign of Carpentry — technical 
terms, &c. 

Brestsummers, an abuse: STibsti- 
tutes for them •— Joists, trimmers, 
trimming-joists— Girders, their abi"" 
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and right use — Sabititutes for girden 
and quarter-partitionB — Quarter-par- 
titioiis— Roof-framing — Great waste 
in present common modes of roof- 
framing — To determine the right 
mode of subdividing the weight, and 
the right numbers of bearers for 
leaded roofs ^ The same for other 
roofs — Principle of the truss — Con- 
siderations that determine its right 
pitch — Internal filling or tracery of 
trusies — Collar-beam trusses — Con- 
nection of the parts of trusses — ^Vari- 
ations on the truss; right limits 
thereto— -To avoid fallacious trussing 
and roof-framing — Delorme's roof- 
ing ; its economy on circular plans — 
Useful property of regular polygonal 
plans — On combinatiGns of roofing, 
nips, and valleys — On gutters, their 
use and abuse — Mansarde or curb- 
roofis. 
Dbsion of Joikb&t— technical terms, 
&c. 

Modes of finishing and decorating 
panel-work — Design of doors. 
Mbasubbmbnt of Carpenters' and 
Joiners' work — ^Abbreviations. 

Modes of measuring Cfrpenters' 
work — Classification of labour when 
neuured with the timber — Classifi- 
cation of labour and nails when mea- 
sured separately from the timber. 
Examples ov MBASUKimNT, arch 
oenterings. 

Brscketing to sham entablatures, 
gutters, sound -boarding, chimney- 
grounds, sham plinths, sham pilas- 
ters, floor-boarding, mouldings — 
Doorcases, doors, doorway linings — 
Dado or surbase, its best construc- 
tion — Sashes and sash-frames (ex- 
amples of measurement) — Shutters, 
boxings, and other window fittings 
— Staircases and their fittings. 
Abbtkactino Carpenters' and Joiners' 
work. 

Example of Bill of Carpenters' and 
Joiners' work. 
Valuation of Carpenters' and Joineta' 
work, Memoranda. 
Tables of numbers and weights. 
Tablbs ov Constants op Labootl 
Boofii, naked floors— Quarter-par- 



titions —-Labour on fir, per foot cube 
-—Example of the valuation of deals 
or battens — Constants of labour on 
deals, per foot superficial. 

Constants op Laboub, and of nails, 
separately. 

On battening, weather boarding — 
Rough boarding, deal fioors, batten 
floors. 

Labour and Nails together. 

On grounds, skirtings, gutters, 
doorway-linings — Doors, framed par- 
titions, mouldings — Window-fittings 
— Shutters, sashes and frames, stair- 
cases — Staircase flttings, wall-strings 
— Dados, sham columns and pilasters. 

Valuation op Sawtbbs' work* 

MASON. 

Dbsion op Stonbma8on8''work. 
Dr. Robison on Greek and Gothic 
Architecture^ Great fdlacy in the 
Gothic ornamentation, which led also 
to the modem 'monkey styles' — 
' Restoration ' and Preservation. 

Mbasurbm BNT of Stonemasou's vnnk. 
Example of measuring a spandril 
step, three methods — Allowance for 
labour not seen in flnished stone — 
Abbreviations — Specimen of the 
measuring-book — Stairs — Landings 
—Steps — Coping— String-courses — 
Plinths, window-sills, curbs — Co- 
lumns, entablatures, blockings — 
Cornices, renaissance niches. 

Abstracting and Valuation. 

Table of weight of stone — Table 
of Constants of Labour — Example 
of Bill of Masons' work. 

PLASTERER. 

Dbsion op Plastbr-work in real 
and mock Architecture. 

Ceilings and their uses — Unne- 
cessary disease and death traced to 
their misconstruction — Sanitary re- 
quirements for a right ceiling — Con- 
ditions to be observed to render do- 
mestic ceilings innoxious — Ditto, for 
ceilings of public buildings — Bar- 
barous shifts necessitated by vrrong 
ceiling — Technical terms in Plas- 
terers' woHl 

MsASURBMBNT of PlasteT-wo^ 
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Mkasurkment of Smiths' and Foun- 
den* work. 



Abbreviations —Abstracting of 
PlastereFs' work — Eiample of Bill 
of Plasterers' work. 
Valuation. 

Memoranda of quantities of ma- 
terials — Constants of Labour. 

SMITH AND FOUNDER. 
On thb Usb or Mbtal-woak in 
Architecture. 

Iron not rightly to be used much 
more now than in the middle ages — 
Substitutes for the present extrava- 
gant use of iron — Fire-proof (and 
sanitary) ceiling and flooring — Fire- 
proof roof -framing in brick and iron 
— Another method, applicable to 
hipped roofs — A mode of untrussed 
roof-framing in iron only — A prin- 
ciple for iron trussed roofing on any 
plan or scale — Another variation 
thereof— On the decoration of me- 
tallic architecture. 



PLUMBER, PAINTER, 
GLAZIER, &c. 
Dbsion, &c. or Lead-work. 
Measurement or Paint-work -• 
Abbreviations. 

Specimen of the measuring-book 
— Abstract of Paint- work — Example 
of Bill of Paint-work. 
Valuation of Paint-work. 

Constants of Labour — Measure- 
ment and Valuation of Glazing — 
Measurement and Valuation of 
Paper-hanoino. 

APPENDIX ON WARmNG. 
Modifications of sanitary construction 
to suit the English open fire — 
More economic modes of wanning ik 
public buildings — Ditto, for private 
ones— Wanning by gas. 



In 12mo., price St. bound and lettered, 

THE OPERATIVE MECHANIC'S WORKSHOP 

COMPANION, AND THE SCIENTIFIC 

GENTLEMAN'S PRACTICAL ASSISTANT; 

Comprising a great variety of the most usefdl Rules in Mechanical 
Science, divested of mathematical complexity; with numerous 
Tables of Practical Data and Calculated Besults, for facilitating 
Mechanical and Commercial Transactions. 

BY W. TEMPLETON. 

AUTHOn or 8BVBRAL SCIBNTiriC WOI^KS. 

Third edition, with the addition of Mechanical Tables for the use . 
of Operative Smiths, Millwrights, and Engineers; and practical! 
directions for the Smdting of Metallic Ores. 



2 vols. 4to, price £ 2. 16«., 

CARPENTRY AND JOINERY; 

Containing 190 Plates ; a work suitable to Carpenters and Builders, 
comprising Elementary and Practical Carpentij, useful to Artificers 
in the Colonies. 

' Digitized by VJ O OQ iC 
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JOHN WEALE'S 



THE AIDE-MEMOIRE TO THE MILITARY 
SCIENCES, 

tVamed from Contributions of Officers of the different Services, and 
edited by a Committee of the Corps of Royal Engmeers. The 
work is noMT completed. 

Sold in 3 voU. £ *. 10*., extra doth boards and lettered, or in 6 Part«, as follom • 







£. «. 
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Part I. 

II. 

III. 

IV. 

V. 
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In 1 Isige Yolume, with numeioaB Tables, Engravinga, and Cuts, 

A TEXT BOOK 

For Agents, Estate Agents, Stewards, and Private Gentlemen, 
genmllj, in connection with Valuing, Surveying, Building, 
Letting and Leasing, Setting out, disposing, and particularly 
describing all kinds of Property, whether it be Land or Personal 
Property. Useful to 
Auctioneers Assurance Compaim Landed Proprieton 

Appraisers Builders Stewaids 

Agriculturists Civil Bngineen Sunreyors 

Arcliitecti Estate Agents Valuers, &c. 



In 1 voL large 8vo, with 13 Plates, price One Guinea, in half-morocco binding, 

MATHEMATICS FOR PRACTICAL MEN: 

Being a Common-Place Book of PURE AND MIXED MATHE- 
MATICS ; together with the Elementary Principles of Engmeering; 
designed chiefly for the use of Civil Engmeers, Architects, and 
Surveyors. 

BY OLINTHUS GREGORY, LL.D., F.R.AS. 
Third Edition, revised and enlarged by HENBT LAW, Civil Engineer. 

CONTENTS. 
PART L— PURE MATHEMATICS. 

CHAPTBR I. — ^AllITBMBTIC. ®"*^i.. . . - * , 

Sbct. &• Division of whoU numbers. — 

1. Definitions and notation. Proof of the first four rules of 

2. Addition of whcde numbers. Afithmetie. 

3. Subtraction of whole numbers. 6* Vulgar fradaona.^-^Bfldifltlim of 

4. Multiplication of whole numbers. vulgar fractioiia«-^AdditikB and 
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loMrae^on of vulgar fractions. 
— Multiplication and division 
of vulgar fractions. 

7. Decimal fractions. — Reduction of 

decimals. — Addition and sub- 
traction of decimals. — Multipli- 
cation and division of decimals. 

8. Ck>mplex fractions used in the arts 

and commerce. — Reduction. — 
Addition. — Subtraction and 
multiplication. — Division. — 
Duodecimals. 

9. Powers and roots.— Evolution. 

10. Proportion. — Rule of Three.— De- 

termination of ratios. 

11. Logarithmic arithmetic. — Use of 

the Tables.*— MultiplieatioB and 
division by logarithms. — Pro- 
portion, or the Rale of Three, 
by logarithms. — Evolution and 
involution by logarithms. 

12. Properties of numbers. 

CHAPTER II. — AI.OBB&A. 

1. Definitions and notation. — 2. Ad- 
dition and subtraction. — ^3. Mul- 
tiplication.— 4. Division. — 5. In- 
volution. — 6. Evolution. — 7. 
Surds. — Reduction. — Addition, 
subtraction, and multiplication. 
— ^Division, involution, and evo- 
lution. — 8. Simple equations. — 
Extermination. — Solution of 
general problems. — 9. Quadratic 
equations. — 10. Equations in 
general. — 1 1. Progression. — 
Arithmetical progression. — Geo- 
metrical progression. — 12. Frac- 
tional and negative exponents. — 
13. Logarithms.— 14. Computa- 
tion of formulae. 

CHAPTBR III. — OEOMETBT. 

1. Definitions. — 2. Of angles, and 
right lines, and their rectangles. 



Sscfr. 

— 3. Of triangles. — 4. Of qua- 
drilaterals and polygons.-^-5. Of 
the circle, and inscribed and cir- 
cumscribed figures.— 6. Of plans 
and solids. — 7. Practical geo- 
metry. 

CHAPTER IT. — MENSITRATION. 

J. Weights and measures. — 1. Mea- 
sures of length. — 2. Measures 
of surface. — ^3. Measures of so- 
Hdity and capacity. — 4. Mea- 
sures of weight. — 5. Angular 
measure. — 6. Measure of time. 

— Comparison of English and 
French weights and measures. 

2. Mensuration of superficies. 

3. Mensuration of solids. 

CHAPTER V. — TRIOONOMBTRT. 

1. Definitions and trigonometrical 
formulae. — 2. Trigonometrical 
Tables. — 3. General proposi- 
tions.— 4. Solution of the cases 
of plane triangles. — Right-an- 
gled plane triangles. — ^5. On the 
application of trigonometry to 
measuring heights and distances. 
— ^Determination of heights and 
distances by approximate me- 
chanical methods. 

CHAPTER YI. — CONIC SBCTXONM. 

1. Definitions. — 2. Properties of the 
ellipse. — 3. Properties of the by- 
perbola. — 4. Properties of the 
parabola. 

CHAFTBR Ttl. — ^PSOPSRTIBS OF 
CURVES. 

1. Definitions. — 2. The conchoid.— 
3. The cissoid. — i. The cycloid 
and epicycloid. — 5. The quadra^ 
trix.-^6. The catenary.— Rela- 
tions of Catenarian Curves. 



PART XL— MIXED MATHEMATICS. 



eHAPTBRX.*— moHAinos nr obmxral. 

CHAPTER II. — STATICS. 

1. Statical equilibrium. 

2. Centre of gravity. 

3. General application of the princi- 

ples of statics to the equilibrium 



of structures.— Equilibrinm of 
piers or abutments. — Pressure 
of earth against walls. — Thick- 
ness of wa&s. -— Equilibrimn of 
polygons.— Stability of arches. 
— Equilibrium of gnspensioa 
bridges. 
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ORAPriR III. — ^DTNAMIOS. 

1. General Definitions. 

2. On the general laws of uniform 

and variable motion. — Motion 
uniformly accelerated. — Motion 
of bodies under the action of 
gravity. — Motion over a fixed 
pulley, and on inclined planes. 

S. Motions about a fixed centre, or 
axis.<^Centres of oscillation and 
percussion. — Simple and com- 
pound pendulums. — Centre of 
gyration, and the principles of 
rotation. — Central forces. 

i. Percussion or collision of bodies 
in motion. 

fi. Mechanical powers. — Levers. «- 
Wheel & axle. — Pulley. — In. 
clined plane. — ^Wedge and screw. 

CHAPTBR rV. — HYDROSTATICS. 

1. General Definitions. — 2. Pressure 
and equilibrium of Non-elastic 
Fluids. — 3. Floating Bodies. — 
4. Specific gravities. — 5. On 
capillary attraction. 

CBAPTBH T. — HYDRODTNAinCS. 

1. Motion and effluence of liquids. 

2. Motion of water in conduit pipes 

And open canals, over weirs, 
&c. — ^Velocities of rivers. 

3. Contrivances to measure the velo- 

city of running waters. 

CHAPTER VI. — PNEUMATICS. 

1. Weight and equilibrium of air and 

elastic fluids. 

2. Machines for raising water by 

the pressure of the atmosphere. 

3. Force of the wind. 



Sbct. 

chapter yii. — ^mechanical aoent8. 

1. Water as a mechanical agent. 

2. Air as a mechanical agent. — Con* 

lomb's experiments. 

3. Mechanical agents depending upon 

heat. The Steam Engine. — 
Table of Pressure and Tempera- 
ture of Steam. — General de- 
scription of the mode of action 
of the steam engine. — Theory 
of the same. — Description d 
various engines, and formulae for 
calculating their power : piiCti- 
cal application. 

4. Anunal strength as a mechanical 

agent 

CHAPTER Till. — STRENGTH OF 
MATERIALS. 

1. Results of experiments, and prin- 

ciples upon which they should 
be practically applied. 

2. Strength of materials to vesiit 

tensile and crushing strains. — 
Strength of columns. 

3. Elasticity and elongation of bodies 

subjected to a crushing or ten- 
sile strain. 

4. On the strength of materials sub- 

jected to a transverse strain. — 
Longitudinal form of beam of 
uniform strength. — Transverse 
strength of other materials than 
cast iron. — The strength of 
beams according to the manner 
in which the load is distributed. 

5. Elasticity of bodies subjected to a 

transverse strain. 

6. Strength of materials to 

torsion. 



APPENDIX. 

I. Table of Logarittimie IMfferenees. 
II. Table ef Logarithms of Numben, firom 1 to 100. 

III. Table of Logarithms of Numbers, from 100 to 10,000. 

IV. Table of Logarithmic Sines, Tsagents, Secanta, &e. 

V. Table of Useful Factors, extending to several places of Decimals* 
VI. Table of nurious Useful Numbers, with their Logarithms. 
Vn. Table of Diameters, Areas, and Circumferences of Circles, &e. 
yill. Table of Relations of the Arc, Abscissa, Ordinate and Subnoraial, in tht CatSBliy. 
IX. Tables of the Lengths and Vibrations of Pendulums. 
X. Triple of Speeiiie Oravitiea. 

XI. Table of weight of Materials frequently employed in Conatraction. 
XII. Prineiplea of Chronometers. 

XIII. Seleet Mechanical Expedients. 

XIV. Observations on the Effect of Old London Bridge on the Tidea. fte. 
XV. Fnimmn Fteiah on Isometrical PenpeetiTe. 
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